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Summary 
 
 The research work carried out at RERI in the three year period from March 1999 to 
April 2002 can be divided into four areas: 1 – fractured reservoirs simulation and physics, 2 – 
gravitational potential variation of the sun and moon for the prediction of reservoir 
properties, 3 – use of concepts from irreversible thermodynamics in undertaking of diffusion 
process in hydrocarbon reservoirs, and 4 – new phase formation in relation to solution gas 
drive in heavy oil reservoirs. 
 Chapter I covers water injection in water-wet and mixed-wet fractured reservoirs.  
Part I presents the use of the Galerkin finite element method for numerical simulation of 
water injection in water-wet and mixed-wet oil reservoirs.  It is demonstrated that capillary 
pressure has a significant effect both in water-wet and mixed porous media.  The numerical 
model is currently being extended to 3-D.  Part II presents an analytical solution to the 
problem of 1-D countercurrent imbibition in water-wet media.  The analytical solution is 
presented for the first time without a restriction to capillary pressure and relative 
permeability.  Part III covers experimental data on water injection in water-wet and mixed-
wet media.  Viscous forces are used to represent gravity effect which can be very important 
in mixed-wet media.  Part IV covers a review of water injection in fractured reservoirs 
prepared as a distinguished article. 
 Chapter II covers the estimation of reservoir compressibility and permeability from 
the gravitational potential variations of the sun and moon.  In Part I, the total 
compressibility in a fractured reservoir is estimated from pressure variations in a non-flowing 
well.  There is agreement between the estimated compressibility and the compressibility 
from reservoir depletion.  In Part II, we develop the mathematical model for the estimation 
of effective permeability from gravitational potential measurements.  Results indicate that we 
can mainly estimate the range of effective permeability. 
 Chapter III is divided into three parts.  Part II covers the numerical simulation of 
convection and diffusion in two-phase flow.  The results show that GOC contact can be 
tilted in two-phase systems.  In Parts II and III, the unusual fluid distribution and GOR 
performance in a fractured gas-condensate reservoir is modeled.  In this reservoir, heavier 
fluids float on top of a light fluid.  The GOR also decreases with production.  Both the fluid 
distribution and the GOR are reported for the first time in the petroleum literature.  In 
recent past work we have formulated the thermal, molecular, and pressure diffusion in 
nonideal multicomponent mixtures from irreversible thermodynamics.  The total species flux 
is a result of both convection and diffusions (molecular, pressure, and thermal).  When these 
effects are accounted for, the unusual fluid distribution and GOR performance can by 
predicted.   
 Chapter IV presents the work on solution gas drive in heavy oil reservoirs.  In three 
parts, the essence of our findings related to low gas mobility in such systems are discussed.  
In Part I we present gas and liquid relative permeabilities for solution gas drive in heavy oil 
reservoirs for the first time in the literature.  In Part II, the effect of GOR, temperature, and 
initial water saturation on recovery performance are covered.  Our interests in this topic 
include both practical applications and interfacial thermodynamics in relation to new phase 
formation in porous media.  The latter has wide application in other areas of petroleum 
engineering from wettability to production and transport of petroleum fluids.  The last part 
of chapter IV covers an invited paper for the Journal of Canadian Petroleum Technology to 
review significant aspects of solution gas drive in heavy oil reservoirs. 
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Chapter I – Water Injection in Fractured Porous Media 
 

Part II – Analytical Solutions for 1-D Countercurrent Imbibition in 
Water-Wet Media 

 
DIMO KASHCHIEV AND ABBAS FIROOZABADI 

 
 
Abstract 
 Analytical solutions for the initial stage of one-dimensional countercurrent flow of water 
and oil in porous media are presented. Expressions are obtained for the time dependence of the 
water saturation profile and the oil recovered during spontaneous countercurrent imbibition in 
rod-like, cylindrical and spherical cores for which water is the wetting liquid. Some of the 
analytical solutions are found to be in good agreement with existing numerical solutions and 
available experimental data for oil recovery from cores with strong water wettability. 
 
Introduction 
 Capillary-driven fluid flow is often important in two-phase flow in fractured porous 
media and in layered media where individual layers are thin. In such cases, the parameters in the 
flow equations are complicated functions of saturation due to high nonlinearity arising from a 
realistic shape of the capillary-pressure curve. The common approach to the problem solution is 
the use of numerical techniques. 
 Analytical solutions to fluid flow problems are desirable, because they allow a better 
understanding of the underlying physics and verification of numerical models. For capillary-
driven flow, only a handful of authors have proposed analytical solutions of various degrees of 
complexity and with certain restrictive assumptions. 
 Yortsos and Fokas [1983] obtained an analytical solution for a one-dimensional flow 
with account of capillary pressure; the relative permeabilities and capillary pressure were, 
however, severely restricted in functional form. Chen [1988] proposed combined analytical-
numerical techniques for analysis of radial one-dimensional flow. His work is based on the use 
of certain asymptotic conditions; it has a strong numerical component. 
 McWhorter and Sunada [1990] reported quasi-analytical solutions for one-dimensional 
linear and radial flow. Their work includes both countercurrent and cocurrent flow. These 
authors limited their solution to an infinite acting medium and assumed that the volume flux at 
the inlet is of the form At−1/2 where A is constant and t is time. 
 Pavone et al. [1989] also solved the one-dimensional and two-dimensional (gravity 
drainage) problem analytically; several assumptions were made by these authors to provide a 
closed-form solution. The assumptions included (i) infinite gas mobility, (ii) linear liquid-phase 
relative permeability, and (iii) capillary-pressure dependence on saturation in the form of 
logarithmic function. As a result of these assumptions, the flow equations became linear. 
 In this paper, we provide approximate analytical solutions for the initial stage of linear, 
cylindrical and spherical countercurrent flow of water and oil in a porous medium. We solve the 
flow equations without restricting the functional form of the relative permeabilities and the 
capillary pressure. We only assume that the imbibing and the displaced liquids are 
incompressible and that the porous medium is water-wet. These two assumptions have been 
made in the work of all authors referred to above. 
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The “Diffusion” Coefficient 
 The flow of water and oil in a porous medium is described by a diffusion-type equation 
in which the quantity 
 

D(Sw)= −{kkrw(Sw)kro(Sw)/[µokrw(Sw)+µwkro(Sw)]φ}
wdS
wScdP )(       (1) 

 
plays the role of diffusion coefficient [McWhorter and Sunada, 1990; Pooladi-Darvish and 
Firoozabadi, 2000]. In this expression Sw is the water saturation, k (m2) is the absolute 
permeability of the medium, krw and kro are the relative permeabilities to water and oil, 
respectively, µw (Pa.s) and µo (Pa.s) are the viscosities of water and oil, respectively, φ is the 
fractional porosity of the medium, Pc=po−pw is the capillary pressure (positive when water is the 
wetting liquid), and pw (Pa) and po (Pa) are the water and the oil pressures, respectively. 
 The dependence of the relative permeabilities and the capillary pressure on Sw can be 
modeled in various ways [Parker et al., 1987; Pooladi-Darvish and Firoozabadi, 2000] and that 
leads to different D(Sw) functions. In this study we adopt the expressions used by Pooladi-
Darvish and Firoozabadi [2000] and present krw, kro and Pc as 
 
   krw = o

rwk  Sµ          (2) 
 
   kro = o

rok  (1 − S)ν        (3) 
 
   Pc = − B lnS.         (4) 
 
Here µ and ν are positive numbers, o

rwk  and o
rok  are the end-point relative permeabilities to water 

(the value of krw at S=1) and oil (the value of kro at S=0), respectively, B (Pa) is the capillary-
pressure parameter (positive when water is the wetting liquid), and S is the normalized water 
saturation defined by 
 
   )1/()( iworiww SSSSS −−−= .       (5) 
 
As Siw is the irreducible water saturation and Sor is the residual oil saturation, S is a number 
between zero and unity. 
 Combining (1) – (5) yields 
  

D(S) = [aSµ + (1−S)ν]/D*Sµ−1(1−S)ν      (6) 
 
where the parameter D* (m2/s) and the mobility ratio a are given by 
 

D* = (1 − Sor − Siw) / k o
rwk B µwφ      (7) 

 
   a = µo

o
rwk  /µw

o
rok .       (8) 

 
 The solid curve in Figure 1 depicts the D(S) dependence (6) with µ=ν=4, a=0.267 and 
D*=0.133 mm2/s  [Pooladi-Darvish and Firoozabadi, 2000]. These and other parameter values 
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used in the graphical and numerical illustrations to follow are presented in Table 1. As seen in 
Figure 1, D is a bell-shaped function of S and at S=Sm=0.542 has a maximum value 
Dm≡D(Sm)=0.014 mm2/s. 
 It turns out that it is mathematically advantageous to approximate D(S) from (6) by the 
expression 
 
   D(S) = D0Smexp(−cSn)        (9) 
 
in which m>0 and n>0 are fitting parameters, and D0 (m2/s) and c are related to the position Sm 
and the value Dm of the maximum of D according to 
 

D0 =  Sm
m / Dm em /n        (10) 

 
c = nSm

n /m.        (11) 
 
To ensure the same values of the maxima of D(S) from (6) and (9), in (10) and (11) we must use 
the values of Sm and Dm corresponding to D(S) from (6). This leads to 
 
      D0 = D*em /n Sm

µ−m−1(1−Sm)ν/[aSm
µ + (1−Sm)ν].    (12) 

 
 The dashed curve in Figure 1 exhibits D(S) from (9) with m=3.5, n=4.5, c=12.2 and 
D0=0.258 mm2/s (these values of c and D0 follow from (11) and (12) with µ, ν, a, Sm and D* 
from Table 1). We observe a good correspondence between D(S) from (6) and (9). Thus, D(S) 
from (9) with the two free parameters m and n and the two additional parameters D0 and c, 
related to m, n, Sm and Dm via (10) and (11), is a useful model for the S-dependent “diffusion” 
coefficient in the flow of two immicible liquids in a porous medium. The capillary-hydraulic 
properties of the liquids and the medium are reflected mainly in the parameter D0 (or Dm): for 
instance, when o

rwk , o
rok , and Pc are modeled by (2) – (4), D0 is obtained from (12) in terms of the 

parameters D* and a which characterize the liquid-porous medium system. 
 
Water Saturation Profile 
Linear Imbibition 
 We consider a rod-like porous core with length L (m), constant cross-sectional area and 
impermeable lateral surface (Figure 2a). The core is saturated with oil and immersed in water. As 
oil is the non-wetting liquid, and water is the wetting one, spontaneous countercurrent imbibition 
occurs by inflow of water and outflow of oil through the basal faces of the core. With negligible 
gravity and edge effects, the process is one-dimensional and the water saturation Sw depends 
only on the spatial coordinate x and time t. The Sw(x,t) function is then the solution of the 
diffusion-type equation [Marle, 1981] 
 

    
t

S
x

S
SD

x
ww

w ∂
∂=





∂
∂

∂
∂

)(      (13) 

 
where D is the Sw-dependent “diffusion” coefficient defined by (1). 
 Assuming that, initially, the core contains the irreducible water saturation Siw, for the 
initial condition to (13) we write 
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    Sw(x,0) = Siw.       (14) 
 
 Depending on the conditions of the water flow at the two faces of the core, (13) admits 
various boundary conditions. We shall consider here countercurrent imbibition occurring (i) at 
the maximum water saturation 1−Sor at the left (x=0) and the right (x=L) ends of the core, and (ii) 
until the moment t* at which the two advancing fronts of imbibing water meet at the middle of 
the core. Then the saturation profiles in the left and the right halves of the core are symmetrical 
and the boundary conditions read (t≤t*) 
 
    Sw(0,t) = 1−Sor       (15) 
    
    Sw(L/2,t) = Siw                (16) 
 
for the core-left half (0≤x≤L/2) and 
 
    Sw(L/2,t) = Siw       (17) 
 

Sw(L,t) = 1−Sor       (18) 
   

for the core-right half (L/2≤x≤L). 
 As the evolution of the water saturation in the core is governed by a diffusion-type 
equation, the distance λ (m) traveled by each of the two water fronts into the core to time t≤t* 
obeys the Einstein-type relation (λ≤L/2) 
 
    λ(t) = (εDmt)1/2      (19) 
 
where ε≈1 to 2 is a numerical factor, and Dm is the maximum value of the “diffusion” coefficient 
D from (1). The circles in Figure 3 represent the numerical λ(t) data of Pooladi-Darvish and 
Firoozabadi [2000]; the curve is the best fit according to (19). From the value 0.149 mm/s1/2 of 
the parameter (εDm)1/2 of the best fit, with Dm=0.014 mm2/s (see Table 1) we find that ε=1.6. 

Equation (19) allows determination of the moment t* at which the two water fronts meet 
at the middle of the core: using λ(t*)=L/2, we obtain 

 

    
mD

L
t

ε4

2
* = .       (20) 

 
With the above Dm and ε and with, e.g., L=40 cm (this L value corresponds to the core length 
used by Pooladi-Darvish and Firoozabadi [2000]), (20) leads to t*=500 h (≈21 days). 
 Employing the normalized water saturation S from (5) and accounting that for t≤t* there 
is no imbibed water between the two water fronts in the core, we can rewrite (13) as  
 

    
t
S

t
S

SD
x ∂

∂=





∂
∂

∂
∂

)(       (21) 
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and present the initial and boundary conditions (14) – (18) as (0≤t≤t*) 
 
            S(x,0) = 0,              (22) 
 
         S(0,t) = 1,      S[λ(t),t] = 0,    (0≤x≤λ)    (23) 
 
            S[L−λ(t),t] = 0,     S(L,t) = 1,      (L−λ≤x≤L).   (24) 
 
 Finding the exact solution S(x,t) of (21), (22) and (23) for the left half of the core or, 
equivalently, of (21), (22) and (24) for the right half of the core is a formidable mathematical 
task, especially because (23) and (24) are moving boundary conditions. In what follows we shall 
find an approximate, quasi-stationary solution S[x,λ(t)] which depends implicitly on t via the 
function λ(t). Physically, this solution corresponds to a sufficiently fast adjustment of the water 
saturation profile to the momentary value of λ. It is important to note also that this solution is 
exact when the position λ or L−λ of the respective water front is t-independent. 
 As for the quasi-stationary solution 
 

    0=
∂
∂

t
S

       (25) 

 
(21) transforms into the ordinary differential equation 
 

    0)( =





dx
dS

SD
dx
d

      (26) 

 
which has to be solved under the boundary conditions 
 
    S(0) = 1,      S(λ) = 0,        (0≤x≤λ)    (27) 
 
   S(L−λ) = 0,    S(L) = 1,       (L−λ≤x≤L)   (28) 
 
for the left and the right halves of the core, respectively. Direct substitution in (26) – (28) shows 
that their solution S(x) is of the form (0≤t≤t*) 
 

∫
S

0

D(S′) dS′ = [1 − x/λ(t)] ∫
1

0

D(S) dS            (29) 

 
for the left half (0≤x≤λ) and 
 

       ∫
S

0

D(S′) dS′ = [1 − (L−x)/λ(t)] ∫
1

0

D(S) dS     (30) 

 
for the right half (L−λ≤x≤L) of the core, λ(t) being specified by (19). 
 At a given moment, rather than the desired S(x) function, (29) and (30) give explicitly x 
as a function of S. The concrete form of these two functions can be obtained by introducing a 
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model D(S) dependence in the integrals in (29) and (30) and carrying out the integration either 
analytically or numerically. In this respect, D(S) from (9) is very convenient. Indeed, using it 
yields 
 

∫
S

0

D(S′) dS′ = [D0/nc(m  +1)/n] ∫
ncS

0

u(m  +1)/n −1 e−u du.   (31) 

 
Combining (29) – (31) we thus obtain (0≤t≤t*) 
 
      γ [(m+1)/n, cSn] = [1 − x/λ(t)] γ [(m+1)/n, c]    (32) 
 
     γ [(m+1)/n, cSn] = [1 − (L−x)/λ(t)] γ [(m+1)/n, c]   (33) 
 
for the left (0≤x≤λ) and the right (L−λ≤x≤L) halves of the core, respectively. Here γ is the 
incomplete gamma function defined by [Abramowitz and Stegun, 1972, p. 260] 
 

   γ (β, y)  =  ∫
y

0

uβ−1 e−u du.      (34) 

 
 Like (29) and (30), with λ(t) from (19), (32) and (33) represent explicitly the x(S) 
dependence, but not the sought normalized water saturation S as a function of x. The explicit S(x) 
dependence can be obtained in the particular case of m+1=n. Then, and more generally when 
(m+1)/n=1, 2, 3, . . . , the integral on the left of (31) can be performed in terms of the exponential 
function. For m+1=n, the expression for S(x,t) for (0≤ x ≤(εDmt)1/2 and 0 ≤ t ≤ L2/4εDm) is given 
by, 
 
     S(x,t) = (− c−1 ln{1 − (1−e−c)[1−x/(εDmt)1/2]}) 1/n    (35) 
 
for the left half and in (L−(εDmt)1/2≤x≤L, 0≤t≤L2/4εDm) 
   

S(x,t) = (− c−1 ln{1 − (1−e−c)[1−(L−x)/(εDmt)1/2]}) 1/n    (36)      
 

for the right half of the core. These expressions follow from (32) and (33), because according to 
(34) γ(1,y)=1−e−y. The original notation S(x,t) is employed as an abbreviation of S[x,λ(t)] in (35) 
and (36). 
 Figure 4 depicts the S(x,t) dependences (35) and (36) at t=2, 24, 120 and 450 hours, 
respectively. The parameter values used for the plot are listed in Table 1; they were also used by 
Pooladi-Darvish and Firoozabadi [2000] for the numerical computation of S(x,t) for 
spontaneous countercurrent imbibition in the left half of a rod-like core at normalized inlet water 
saturation equal to unity. The S(x,t) data of these authors are, therefore, appropriate for 
verification of the accuracy of the approximate solution (35). The circles in Figure 4 represent 
these data at t=2, 24 and 120 h – we observe a fair agreement between the numerical and the 
analytical S(x,t) dependences. Note that in Figure 4 there is a  sharp change of the water 
saturation profile in the range of S values for which D(S) from (9) is virtually zero (see Figure 1). 
In contrast, S varies with x relatively slowly and almost linearly when it has values 
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corresponding to the width of the D(S) maximum in Figure 1. 
 
Cylindrical Imbibition 
 In this case the core is a sufficiently long cylinder with radius R (m) and impermeable 
basal faces (Figure 2b). The water inflow and the oil outflow is thus through the core lateral 
surface. With negligible gravity and edge effects, S(r,t) is the solution of the one-dimensional 
diffusion-type equation  
 

    
t
S

r
S

SrD
rr ∂

∂=





∂
∂

∂
∂







 )(

1
      (37) 

 
in a cylindrical coordinate system with origin at the center of the core cross-section and z-axis 
parallel to the core axis. In this equation the radial coordinate r varies from 0 to R, S is defined 
by (5), and D(S) corresponds to D(Sw) from (1) and can also be modeled by (9). 
 We shall again look for the quasi-stationary solution S[r,ρ(t)] of (37). As this solution 
satisfies (25), (37) becomes 
 

    0)( =





dr
dS

SrD
dr
d

       (38) 

 
and its boundary conditions are analogous to (28): 
 
    S(ρ) = 0,         S(R) = 1.     (39) 
 
Here ρ (m), defined as ρ≡R−λ, is the radial distance of the water front from the core axis at time 
t. In conformity with (19), the ρ(t) dependence thus reads 
 
    ρ(t) = R − (εDmt)1/2.      (40) 
 
 When the water front is in the close vicinity of the core axis, its advancement cannot be 
described by the simple formula (19). That is, the quasi-stationary solution of (38) and (39) is 
valid to the moment t** at which the water front is a few percent of R away from the core axis. 
Hence, defining t** by ρ(t**)=0.05R and using (40) yields (cf. (20)) 
 
     t** = 0.9R2/εDm.      (41) 
 
 As can be verified by direct substitution, the solution of (38) and (39) is of the form (ρ ≤ 
r ≤ R, 0 ≤ t ≤ t**) 
 

      ∫
S

0

D(S′) dS′ = {ln[r/ρ(t)]/ln[R/ρ(t)]} ∫
1

0

D(S) dS.   (42) 

 
 This general equation is the analogue of (30) and gives the quasi-stationary water 
saturation profile for an arbitrary D(S) dependence. When D(S) is modeled by (9), due to (31) 
and (34), (42) leads to the expression (ρ ≤ r ≤ R, 0 ≤ t ≤ t**) 
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      γ [(m+1)/n, cSn] = {ln[r/ρ(t)]/ln[R/ρ(t)]} γ [(m+1)/n, c].  (43) 
 
 When m+1=n, as for linear imbibition, we can find the explicit dependence of S on the 
radial distance r in a cylindrical core. Recalling that γ (1,y)=1−e−y, analogously to (36) we obtain  
(R−(εDmt)1/2≤r≤R, 0≤t≤0.9R2/εDm) for  
 

  S(r,t)= (− c−1ln[1− (1−e−c)ln{r/[R−(εDmt)1/2]}/ln{R/[R−(εDmt)1/2]}])1/n.  (44) 
 
 The saturation profile (44) at t=2, 24, 120 and 450 hours is illustrated in Figure 5a. The 
results correspond to R, n, c, ε and Dm from Table 1. Comparison of the results in Figures 4 and 
5a shows that the saturation profiles in countercurrent linear and cylindrical imbibition are 
qualitatively the same. 
 
Spherical Imbibition 
 We consider a spherical core (Figure 2c) with small enough radius R (m) for the gravity 
effect to be negligible. In a spherical coordinate system with origin at the core center the 
saturation function S(r,t) is the solution of the diffusion-type equation 
 

    
t
S

r
S

SDr
r

r
∂
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)()/1( 22        (45) 

 
which parallels (21) and (37) for linear and cylindrical imbibition. 
 We are again interested in the quasi-stationary solution S[r,ρ(t)] with ρ(t) from (40). This 
solution satisfies (25) and is valid for t≤t** (t** is specified by (41), because (19) cannot 
describe the advancement of the water front when this is too close to the sphere center). In 
analogously to (38) and (39), S is the solution of the equation 
 

    0
)(2 =





∂r
SD

r
dr
d

       (46) 

 
with boundary conditions 
 
    S(ρ) = 0,         S(R) = 1.      (47) 
 
 Direct substitution provides the solution of (46) and (47) (ρ≤r≤R, 0≤t≤t**) 
 

      ∫
S

0

D(S′) dS′ = {[1−ρ(t)/r]/[1−ρ(t)/R]} ∫
1

0

D(S) dS.    (48) 

 
 This general equation is the counterpart of (30) and (42) and can be used for 
determination of the quasi-stationary water saturation profile in a spherical core when the D(S) 
function is independently known. In the scope of the D(S) model (9), recalling (31) and (34), and 
from (48) we obtain (ρ≤r≤R, 0≤t≤t**) 
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       γ [(m+1)/n, cSn] = {[1−ρ(t)/r]/[1−ρ(t)/R]} γ [(m+1)/n, c].   (49) 
 
 This expression parallels (33) and (43) and gives explicitly only the dependence of r on 
S. As for linear and cylindrical imbibition, to determine S as an explicit function of r we shall use 
(49) when m+1=n. Then, recalling that γ(1,y)=1−e−y, we find (R−(εDmt)1/2≤r≤R, 0≤t≤0.9R2/εDm) 
 

S(r,t)= (− c−1ln[1− (1−e−c){1−[R−(εDmt)1/2]/r}/{1−[R−(εDmt)1/2]/R}])1/n.       (50) 
 
 Figure 5b displays the saturation profile at t=2, 24, 120 and 450 hours, respectively. This 
profile corresponds to the parameter values listed in Table 1. We observe that the water 
saturation profile for spherical imbibition does not differ qualitatively from the profiles for linear 
and cylindrical imbibition (cf. the saturations in Figures 4 and 5a). 
 
Oil Recovery 
Linear Imbibition 
 The fraction α of oil recovered to time t is defined in general as 
 

    α(t) = 
oV
tV )(         (51) 

 
where V (m3) is the volume of oil displaced by the imbibing water to the same time, and V0 (m3) 
is the volume of the total recoverable oil in the core. As V is equal to the volume of the water 
imbibed into the core to time t, for a rod-like core with a constant cross-sectional area Ac (m2) 
one can write 
 

    V(t) = φ Ac ∫
L

0

[Sw(x,t) − Siw] dx     (52) 

 
    V0 = φ Ac L (1 − Sor − Siw).      (53) 
   
Combining (5) and (51) – (53) yields 
 

    α(t) = (1/L) ∫
L

0

S(x,t) dx.      (54) 

 
 We shall now find the α(t) dependence to the moment t* at which the two water fronts 
meet at the middle of the core. Recalling that the two water saturation profiles are symmetric, 
taking into account that S(x,t)=0 between the water fronts, replacing dx in (54) by (dx/dS)dS and 
calculating dx/dS using (29) for (0≤t≤t*) 
 

    α(t) = [2λ(t)/L] ∫
1

0

S D(S) dS / ∫
1

0

D(S) dS    (55) 

 
where λ(t) and t* are given by (19) and (20), respectively. 

This general equation reveals that in linear countercurrent imbibition, α initially does not 
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depend explicitly on the water saturation profile. The ratio of the integrals in this equation has a 
simple physical meaning – it represents the average value of S with respect to D(S) regarded as a 
distribution function. As this value is just a fixed number between 0 and 1 for whatever shape of 
the S(x,t) function, for t≤t* the temporal evolution of α is governed solely by the λ(t) dependence 
(19) (i.e. by the advancement of the two water fronts): α increases proportionally to t1/2. 
 The general equation (55) allows to determine α(t) analytically when D(S) is modeled by 
(9). Then, upon performing the integration using (31) and (34), we obtain (0 ≤t≤t*) 
 
     α(t) = {2γ[(m+2)/n, c]/c1/n

 γ[(m+1)/n, c] L}λ(t).   (56) 
 
 This expression is less complicated in the particular case of m+1=n. As γ(1,y)=1−e−y, (56) 
then becomes (0≤t≤t*) 
 
    α(t) = {2γ[1+1/n, c]/c1/n(1−e−c)L}λ(t)     (57) 
 
where λ(t) and t* are given by (19) and (20). This formula simplifies to (0≤t≤L2/4εDm) 

 
    α(t) = [2Γ(1+1/n)/c1/nL](εDmt)1/2     (58) 
 
provided c>5, a condition which is practically always satisfied. In (58) we have used the 
approximations 1−e−c≈1 and γ (1+1/n,c)≈γ (1+1/n,∞)=Γ(1+1/n) where Γ is the complete gamma 
function defined by [Abramowitz and Stegun, 1972, p. 255]  
 

   Γ(β)  =  ∫
∞

0

uβ−1 e−u du.       (59) 

 
Inspection of (6)-(8) and (58) shows that in agreement with the finding of Rapoport [1955] and 
of Pooladi-Darvish and Firoozabadi [2000], t scales with k, B, φ and L2. Note that according to 
(58), α(t) cannot be correlated with viscosity ratio, µw/µ0, as is often sugested by many authors.  
The recovery may not be also correlated with µw. 
 Setting t=t* in (55) – (58), we can calculate the fraction α*≡α(t*) of oil recovered until 
the moment t* at which the two water fronts meet at the middle of the core. From (11), (20) and 
(58) we find 
 
    α* = Γ(1+1/n)/c1/n = [n/(n−1)]1/n Γ(1+1/n) Sm.   (60) 
  
This formula reveals that for m+1=n, α* depends solely on the parameter n of the D(S) function 
(9) and on Sm at which this function passes through a maximum. As seen, higher Sm results in 
higher fractions α* of recovered oil. The use of n and c (or Sm) from Table 1 in (60) yields 
α*=0.52. 
 Curve L in Figure 6 displays the oil recovery α(t) from (58) for t≤t*, the parameter are 
those from Table 1. The circles represent the exact numerical α(t) data of Pooladi-Darvish and 
Firoozabadi [2000] also for t≤t*. As seen, the simple approximate equation (58) provides a 
reliable description of the evolution of α at the initial stage (t≤t*) of spontaneous linear 
countercurrent imbibition – the error is less than about 7%. 
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Cylindrical Imbibition 
 In this case, with L (m) being the length of the cylindrical core, 

   V(t) = 2φπ L ∫
R

0

[Sw(r,t) − Siw] r dr      (61) 

   V0 = φπ R2 L (1 − Sor − Siw).       (62) 
 
Substitution of (5), (61), and (62) into (51) leads to 
 

   α(t) = (2/R2) ∫
R

0

S(r,t) r dr.       (63) 

 
 At the initial stage of imbibition S(r,t)=0 for r≤ρ(t) and the lower limit of integration in 
(63) can be set at ρ(t). Using the derivative dr/dS calculated from (42), we can rewrite (63) in the 
form (0≤t≤t**) 
 

 α(t) = (2/R2) ln[R/ρ(t)] ∫
1

0

S D(S) r2(S) dS / ∫
1

0

D(S) dS   (64) 

 
where ρ(t) and t** are given by (40) and (41). Note that in (64) r is available from (42) as an 
explicit function of S. 
 From the general equation (64) we see that in cylindrical imbibition α depends not only 
on the “diffusion” coefficient D(S) (cf. (55) for linear imbibition), but also on the water 
saturation profile expressed by the function r2(S) in the first integral. For the D(S) model (9), and 
from (31), (34), and (64) we obtain (0≤t≤t**) 
 

α(t) = {2nc(m  +1)/n ln[R/ρ(t)]/γ[(m+1)/n, c]R2} ∫
1

0

Sm  +1 exp(−cSn) r2(S) dS    (65) 

 
where r(S) is given by (43). In the particular case of m+1=n, α(t) can be determined either from 
(65) or directly from (63) with S(r,t) from (44). From the latter we find (0≤t≤0.9R2/εDm) 
 

(t)= (2/c1/nR2) ∫
R

t)(ρ

(− ln{1−(1−e−c)ln[r/ρ(t)]/ln[R/ρ(t)]})1/nrdr.          (66) 

 
 Unlike linear imbibition (cf. (58)), α for a cylindrical core is a complicated function of 
time through ρ(t) which is given by (40). For that reason, α can only be determined numerically 
from (66). The recovery α(t) from (66) for t≤t** with the parameter values from Table 1 is 
illustrated in Figure 6 by curve C. We observe that the initial stage of cylindrical countercurrent 
imbibition and the applicability of (64) – (66) for typical values of m, n and c extends up to about 
70% of the total recoverable oil in the core. Comparing curves C and L, we observe also that in 
cylindrical imbibition, as expected, the increase of α is faster than in linear imbibition. 
 
Spherical Imbibition 
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 In this case, V and V0 are given by 
 

    V(t) = 4φπ  ∫
R

0

[Sw(r,t) − Siw] r2 dr     (67) 

 
    V0 = (4/3)φπ R3 (1 − Sor − Siw).     (68) 
 
From (5) and (51) we obtain 
 

α(t) = (3/R3) ∫
R

0

S(r,t) r2 dr.     (69) 

 
 Similar to cylindrical imbibition, in (69) we set the lower integration limit at ρ(t) and 
replace dr by (dr/dS)dS and calculate dr/dS from (48). As a result, (69) transforms into (0≤t≤t**) 
 

α(t) = (3/R4) [R/ρ(t) − 1] ∫
1

0

S D(S) r4(S) dS / ∫
1

0

D(S) dS    (70) 

 
where ρ(t) and t** are given by (40) and (41). 
 This expression allows the calculation of the initial temporal evolution of α for any D(S) 
dependence; from (48), the r(S) function is known for any dependence of D on S. For the D(S) 
model (9), using (31) and (34) in (70) yields (0≤t≤t**) 
 

α(t) = {3nc(m  +1)/n [R/ρ(t) −1]/γ[(m+1)/n, c]R4} ∫
1

0

Sm  +1 exp(−cSn) r4(S) dS     (71) 

 
where r(S) is given by (49). 
 To provide α(t) in the particular case of m+1=n we can use either (71) or directly (69) in 
conjunction with the S(r,t) dependence from (50). By the latter we obtain (0≤t≤0.9R2/εDm) 
 

  α(t)= (3/c1/nR3) ∫
R

t )(ρ

(− ln{1− (1−e−c)[1−ρ(t)/r] /[1−ρ(t)/R]})1/n r2 dr.            (72) 

 
 It is seen from this expression that, similar to α for cylindrical imbibition (cf. (66)) and in 
contrast to α for linear imbibition (cf. (58)), α depends in a complicated way on t through the 
ρ(t) function (40). The numerical calculation of α from (70) – (72) is, however, straightforward. 
Curve S in Figure 6 displays the calculated α(t) dependence (72) for t≤t** and the parameter 
values from Table 1. Comparison of curves S, C and L in this figure shows that under otherwise 
equal conditions oil recovery is fastest in spherical imbibition, slower in cylindrical imbibition 
and slowest in linear imbibition. For typical values of m, n and c the applicability of (70) – (72) 
extends up to about 80% of the total recoverable oil in the core; this percentage corresponds to 
the end of the initial stage of spherical countercurrent imbibition. 
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Comparison With Experiment 
 In a recent experimental study, Tang and Firoozabadi [2001] determined the time 
dependence of the fraction α of n-decane recovered from single cores of Kansas outcrop chalk. 
The circles in Figure 7 display their α(t) data for a strongly water-wet cylindrical core with 
diameter and length of about 5 and 6 cm, respectively. The core was immersed in water at room 
temperature and the oil recovery was determined by weighing the core during the displacement 
of the oil by the spontaneously imbibing water. The water inflow and the countercurrent oil 
outflow occurred through the whole surface of the core. 

Treating the core as a sphere of radius R=2.5 cm (because of the liquid flow through the 
whole core surface) and modeling D(S) by (9) with m+1=n, we can examine the α(t) function 
(72) for the description of the experimental α(t) data in Figure 7. The free parameters in (72) are 
n, c, and εDm and a best-fit procedure is quite complicated. For that reason we use n=4.5 and 
c=12.2 from Table 1 and vary only the product εDm until a reasonable fit is obtained. Although it 
is possible to find a better fit with somewhat different values of n and c, the corresponding εDm 
value will differ relatively little from that given below. 
 The curve in Figure 7 represents the α(t) from (72) with the above values of n and c and 
with εDm=0.12 cm2/min. We observe a good agreement between theory and experiment until 
t**=47 min (this estimate for t**, the time limit of the validity of (72), follows from (41)). The 
conclusion is, therefore, that the D(S) function for the strongly water-wet Kansas outcrop chalk 
is of the form (9) with maximum value Dm=0.075 cm2/min. This value of Dm corresponds to 
ε=1.6 from Table 1. For comparison, using the relative permeabilities and capillary pressure 
inferred from numerical solution for the experimental α(t) data in Figure 7, we find Dm≈0.4 
cm2/min. 
 
Conclusions 
 The analysis presented in this work leads to the following conclusions. 
1. The D(S) function (9) is a very convenient model for the “diffusion” coefficient in the 
displacement of two immiscible liquids in porous media. 
2. The quasi-stationary solutions of the diffusion-type equations (21), (37) and (45) provide a 
simple and reliable description of the initial stage of linear, cylindrical or spherical 
countercurrent imbibition in water-wet porous media when gravity and edge effects are 
negligible. The advancement of the water front obeys the Einstein-type relation (19) and the 
normalized water saturation profile is given by the general expressions (29)-(30), (42) and (48) 
for linear, cylindrical and spherical cores, respectively. 
3. Equations (55), (64) and (70) provide the general expressions for the temporal evolution of the 
fraction α of oil recovered during the initial stage of linear, cylindrical or spherical 
countercurrent imbibition in water-wet porous media. For linear imbibition, initially (before 
waterfront reaches the other boundary), α is proportional to t1/2 according to (58). 
4.  According to (1) and (58), there may not exist a simple scaling factor for viscosities and 
relative permeabilities. 
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TABLE 1.  Values of Various Parameters Used for Numerical and Graphical Illustrations 

___________________________________________________________________ 

Parameter Value Parameter Value Parameter Value 
___________________________________________________________________ 

k 0.02 µm2 a 0.267 ε  1.6 

kw 0.2 Sm  0.542 φ  0.3 

ko 0.75 D* 0.133 mm2/s  L 40 cm 

µw 1 mPa.s  Dm  0.014 mm2/s  R 20 cm 

µo 1 mPa.s  D0  0.258 mm2/s  t* 500 h 

µ 4 m 3.5 t** 450 h 

ν 4 n 4.5  

B 10 kPa c 12.2  
___________________________________________________________________ 
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Fig. 1 - Dependence of the “diffusion” coefficient on the reduced water saturation: solid curve – equation (6); 

dashed curve – equation (9). 
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Fig. 3 - Time dependence of the distance traveled by the water front in linear 
countercurrent imbibition: circles – numerical data of Pooladi-Darvish and 

Firoozabadi [2000]; line – best fit according to (19).
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Fig. 4 - Water saturation profile in linear countercurrent imbibition. 

Fig. 5. Water saturation profile in (a) cylindrical, and (b) spherical countercurrent imbibition: equation (44) in 
(a) and equation (50) in (b).  
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Chapter I – Water Injection in Fractured Porous Media 
 

Part III – Effect of Viscous Forces and Initial Water Saturation on 
Water Injection in Water-Wet and Mixed-Wet Fractured Porous 

Media 
 

GUO-QING TANG AND ABBAS FIROOZABADI 
 
 

 
Abstract 
A systematic study of the effect of wettability and initial water saturation on water injection and 
imbibition was made in Kansas outcrop chalk samples. Water injection tests were conducted at 
different rates and at different pressure gradients to study the effect of viscous forces. Based on a 
large number of carefully conducted tests, the following conclusions are drawn.  
1. Initial water saturation has a very pronounced effect on water injection in an intermediate-wet 
chalk. This effect is much less pronounced for a strongly water-wet chalk. The effects are also in 
opposite directions.  
2. Viscous forces (which simulate the negtive Pc effect) have a very strong effect on water 
injection performance on intermediate-wet chalks.  
    Our interpretation of the above experiments leads to the conclusion that the performance of the 
chalk reservoirs may be nearly independent of wettability state. The results from the experiments 
also reveal that there is no relation between laboratory measurements of spontaneous imbibition 
and field performance even when the wettability state is perfectly restored in the laboratory.  
 
Introduction   
Wettability state and its effect on oil recovery has been the subject of numerous studies since 
19281-8. However, major issues of oil recovery related to wettability remain unresolved. A major 
parameter of wettability is contact angle. Some authors have even questioned the usefulness of 
contact angle in defining wettability5. 
    The state of wettability in some reservoirs can vary significantly with depth and rock 
properties. Jerauld and Rathmell4 presented data showing that there is a clear dependence of 
residual oil saturation upon depth. In the Prodhoe Bay reservoirs, residual oil saturation to 
waterflood decreases with depth while the reservoir wettability changes from less water-wet to 
more water-wet conditions with increase in depth. In the Ekofisk field, despite wettability 
variation with depth, residual oil saturation to waterflooding remains unchanged.       
    Research concerning the effect of viscous and gravity forces on water injection in fractured 
reservoirs is rather limited. In 1968, Hamon9 found that oil recovery by water drainage in oil-wet 
fractured porous media could be significant depending on matrix permeability. Similar results 
were recently reported by Putra et al.10. Zhou et al.11 observed that decrease in water-wetness of 
Berea sandstone by adsorption of polar oil components could increase oil recovery by 
waterflooding. Graue at al.12 obtained similar results for low permeability chalk.  
    The effect of initial water saturation on oil recovery remains controversial. Brown13 studied 
the effect of initial water saturation on waterflood efficiency. He emphasized that connate water 
(retained as water film and in small pores) could become re-mobilized when water is invading. 
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His experimental results showed that flow of connate water improves waterflood recovery. 
Skauge et al.14 studied the influence of connate water on oil recovery by gas gravity drainage 
using chalk samples. The maximum oil recovery was obtained at about 30% initial water 
saturation. Viksund et al.15 carried out spontaneous imbibition tests with strongly water-wet 
chalk. A maximum oil recovery was obtained at about 34% of initial water saturation. However, 
results from Narahara et al.16 are much different. They measured gas and oil relative permeability 
on water-wet and mixed-wet Berea at various initial water saturations and found that gas and oil 
relative permeabilities are independent of initial water saturation. Zhou et al.17 observed that for 
a crude oil/brine/rock system, imbibition recovery increased with initial water saturation, but 
waterflood recovery decreased with initial water saturation. A long induction time (ranging from 
10-1000 minutes) was observed in imbibition tests after the cores were aged with crude oil at 
T=88oC for 10 days.  
    The main objective of this work is to understand the mechanisms that lead to a vast difference 
between laboratory spontaneous imbibition measurements and field performance. For this 
purpose, we have conducted an extensive set of laboratory measurements on Kansas outcrop 
chalk with a porosity of about 30% and a permeability of some 0.5 md. Waterflood and 
spontaneous imbibition performance of the Kansas outcrop chalk are studied before and after 
wettability alteration.  
    In this paper, we first present the experimental results that include wettability alteration by 
chemical adsorption, water injection and spontaneous imbibition in strongly water-wet and 
weakly water-wet chalks. We then draw some conclusions. Theoretical interpretation is the 
subject of a forthcoming publication. 
 
Materials and Experimental Setup 
Fluids and Chemicals. Normal decane (n-C10) with a density of 0.73 g/cm3 and a viscosity of 
0.92 cp at 24oC was used as the oil phase. Stearic acid (octadecanoic acid), purchased from 
Sigma with purity of 99% and molecular weight of 284.5, was used as a surfactant to alter the 
chalk wettability. This chemical was dissolved in oil (n-C10) to make stearic acid solutions. 
Solubility tests at room temperature showed that stearic acid dissolves in oil when the 
concentration is less than 2000 ppm, but it hardly dissolves in water. NaCl and CaCl2 were used 
to prepare the 0.1% NaCl+0.1% CaCl2 brine which was used for both injection water and the 
establishment of initial water saturation. The viscosity and density of the brine are 1.0 cp and 
1.02 g/cm3 at 24oC, respectively.  
 
Rock. We used Kansas outcrop chalk in all experiments. Two different configurations were 
used: A and B (Fig.1). Configuration A was a single cylindrical plug with a diameter of 5.1 cm 
and a length of 5.2 to 6.6 cm. The measured air permeability of the chalk was about 0.5 md and 
porosity of about 30%. Configuration B was a composite core that consisted of six-cylindrical 
plugs of 8.50 cm in diameter. The chalks were stacked and housed in an aluminum coreholder. 
The total length of the composite chalk was 104.7 cm. The measured annular aperture (between 
chalk and inside surface of coreholder) was about 250 µm for one set of tests and 150 µm for 
another set. The overall porosity (fracture/matrix) was about 30.7%; the matrix porosity was 
about 30%. The fracture volume was about 60-70 cm3. Total pore volume (matrix and fracture) 
was 1740 cm3. The effective permeability (fracture/matrix) was about 14.7 darcy when the 
fracture aperture was 250 µm and about 4.5 darcy when the fracture aperture was 150 µm. 
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Apparatus. Fig.2a shows the experimental apparatus for water injection. It consisted of water 
injection pumps, a high-pressure cylinder, a water reservoir, pressure transducers, a vertical 
aluminum coreholder, an oil and water collector, and a vacuum pump with a trap embedded in 
dry ice. The system can be used to perform water injection tests at either a constant injection rate 
or a constant inlet pressure. The outlet pressure was atmospheric pressure. Fig.2b shows the 
apparatus for spontaneous imbibition tests consisting mainly of an electronic balance.   
 
Experimental Procedure 
Establishment of Initial Water and Oil Saturations . After the chalk sample was 100% 
saturated with brine, it was evacuated to 20-50 mbar to reduce water saturation. In order to 
reduce water saturation quickly, the coreholder was heated to 66oC, accompanied by evacuation. 
When the designated water saturation was established, the coreholder was cooled to room 
temperature gradually. The total water production was measured by weighing the chalk plug for 
Configuration A or measuring the produced water collected by the trap for Configuration B. This 
step provided the approximate initial water saturation. Then the core was vacuumed at 20-50 
mbar for 4-6 hours before the oil saturation step, which lasted about two days. The initial water 
saturation, Swi, was calculated using the difference between the total pore volume and total 
saturated oil volume. For Configuration B, the fracture volume was excluded from the total pore 
volume for the calculation of initial water saturation.  
 
Wettability Alteration. We used stearic acid as a surfactant to alter the wettability of the chalk. 
The solution was prepared by dissolving stearic acid in oil. The chemical treatment procedures 
included following steps: the chalk sample was (1) saturated with the stearic acid solution (say 
500 ppm solution), (2) aged with the same stearic acid solution at room temperature for 10-20 
days, (3) dried and then aged at 105oC for 3-5 days, followed by cooling it to room temperature, 
and (4) re-saturated and re-aged with the same stearic acid solution at room temperature for 10-
20 days. After chemical treatment, the wettability state was determined by running spontaneous 
imbibition and waterflooding tests. The chemical treatment procedures were repeated when the 
restored wettability was not stable. For this work, we repeated the above chemical treatment 
procedure twice to establish a stabilized wettability for most cores used in our study.  
 
Wettability Measurement. The chalk plug saturated with oil was hung in a beaker that 
contained brine (0.1% NaCl+0.1% CaCl2). Change in the weight obtained by reading the 
electronic balance was recorded vs. time. At the end of the spontaneous imbibition test, the chalk 
plug was waterflooded at a rate of 2 cm3/min to residual oil saturation. The end-point oil 
recoveries by spontaneous imbibition and waterflood were used to calculate the Amott index to 
water18, Iaw . 
 
Water Injection. Water injection tests were performed at either a constant injection rate or a 
constant inlet pressure with the outlet end open to atmospheric pressure. For Configuration A, all 
tests were performed at constant inlet pressure (∆p varied from 0 to 13.5 psi/cm). For 
Configuration B, a constant water injection rate (5 to 68 cm3/min) was used; the pressure 
gradients after water breakthrough, ∆pbt, were small due to the vertical fracture. 
    Note that all the experiments were performed at room temperature. The experimental data are 
listed in Tables 1 and 2.  
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Results 
Wettability Alteration. Change in wettability is assessed by both the rate of spontaneous 
imbibition and the Amott index to water (Iaw). 
    Initial Wettability. Kansas outcrop chalk before wettability alteration is strongly water-wet19. 
The residual oil saturation to water from spontaneous imbibition is around 34%. In order to 
provide a reference for various wettability states, we carried out the spontaneous imbibition test 
using a chalk plug (Configuration A) before wettability alteration. The result is shown in Fig.3. 
Water imbibition occurred as soon as the chalk plug was placed in water; most oil was produced 
in less than 100 minutes. The final oil recovery by spontaneous imbibition was about 66% 
(OOIP). After the spontaneous imbibition test, the chalk plug was waterflooded; the total oil 
recovery by spontaneous imbibition and waterflooding was the same, about 67% (OOIP). 
Therefore, the Amott index to water, Iaw, for the chalk plug is close to 1.0 and it is strongly 
water-wet (SWW). A duplicate spontaneous imbibition test under the same test conditions was 
carried out and the results were duplicated. In this paper, the spontaneous imbibition curve 
presented in Fig.3 was used as a reference to assess wettability alteration by adsorption of stearic 
acid.   
    Wettability after Chemical Treatment. In order to reduce the water-wetness by various 
degrees, the chalk plugs were treated with different concentrations of stearic acid. A series of 
experiments was conducted to optimize the treatment procedure. It was found that the wettability 
alteration was strongly influenced by aging time, aging temperature, and stearic acid 
concentration.  
    Fig.4 shows the results for the chalk plug (Configuration A) treated with CSA=100 ppm at 
room temperature (CSA is stearic acid concentration). The aging time was two days. Reduction of 
water-wetness for this chalk plug was small. The final oil recovery was close to that for the 
strongly water-wet state. The spontaneous imbibition rate increased as the chalk plug was used 
repeatedly (from run 2a to run 2c). This behavior indicated that the wettability state was not 
stable, which may be related to desorption of stearic acid from the rock surfaces. However, when 
the aging time and aging temperature increased, the wettability alteration was significant and 
stable. Figs.5-7 show the results for the chalk plugs treated with CSA=200, 500, and 1,000 ppm, 
respectively. These chalk plugs were aged at T=24oC for 20 days, dried and aged at T=105oC for 
5 days, and then re-aged with the stearic acid solutions at room temperature for 10 days. In order 
to establish a stable wettability alteration, the chalk plugs were treated using the above procedure 
twice. Three spontaneous imbibition tests were repeatedly conducted with the same chalk plug to 
study the stability of the restored wettability. Test results presented in Figs.5-7 are in the order in 
which they were carried out (for example, runs 3a to 3c in Fig.5).   
    Fig.5 shows the recovery data for the chalk plug treated with CSA =200 ppm; the induction 
time was 600 minutes. Then, the water imbibition occurred and the imbibition rate increased 
quickly. The final oil recovery by spontaneous imbibition was about 53% (OOIP), which was 
about 13% less than before wettability alteration. The results were close for runs 3a to 3c, which 
confirmed that the restored wettability for this chalk plug was stable. Fig.6 shows the recovery 
data for the chalk plug treated with CSA=500 ppm. The induction time was about 1,400 minutes 
and final oil recovery was about 48% (OOIP). However, increase in imbibition rate was slower 
than that for CSA=200 ppm, which reflected the effect of concentration of stearic acid. The 
reproducibility for all three runs was reasonable. Fig.7 shows the results for the chalk plug 
treated with CSA=1,000 ppm. The induction time was about 2,200 minutes for runs 5a and 5b. 
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The imbibition rate was very slow and the final oil recovery was about 2-4% (OOIP). This chalk 
plug was intermediate-wet.  
    All three of the chalk plugs were waterflooded at a rate of 2 cm3/min to residual oil saturation 
after the spontaneous imbibition tests. The total oil recovery by spontaneous imbibition and 
waterflooding was 69.6% for CSA=200 ppm, 71.2% for CSA=500 ppm, and 67% for CSA=1,000 
ppm. Therefore, the Amott index to water (Iaw) for these chalk plugs were 0.74 for CSA=200 ppm, 
0.66 for CSA=500 ppm, and 0.05 for CSA=1,000 ppm. Note that the water wetness of the chalk 
decreased systematically with increase in stearic acid concentration.  
 
Water Injection. We divide the results for water injection into two parts, Part 1 and Part 2, 
based on the configurations of the chalk samples.  
 
Part 1-Configuration A  
    For Configuration A, no fractures were present and the coreholder was positioned 
horizontally. Water was injected from one end of the coreholder at a constant inlet pressure and 
the oil was produced from the other end at atmospheric pressure.  
    Effect of Pressure Gradient. The results presented in Fig.8 are for a strongly water-wet plug 
with Swi=0. The simple solid curve is for spontaneous imbibition of a strongly water-wet plug 
and is presented here as a reference (note that this curve is shown in all figures for Configuration 
A). The results suggested that increase in pressure gradient from 0.09 to 0.37 psi/cm did not 
affect the oil production rate. Further increase in pressure gradient from 0.37 to 12.9 psi/cm, 
however, increased oil production rate. For the pressure gradient of 12.9 psi/cm, it took less than 
100 minutes to produce all the recoverable oil. The final oil recovery was not influenced by 
pressure gradients and it remained 66% (OOIP). After water breakthrough, very little oil was 
produced, even at a pressure gradient of 12.9 psi/cm. This result is consistent with the 
observations by Terez and Firoozabadi19. It seems that the viscous force does not affect residual 
oil saturation for strongly water-wet chalk in the range of our tests. 
    Fig.9 shows the recovery data for a weakly water-wet plug treated with 500 ppm stearic acid 
solution; the Amott index to water is 0.55. The results show that increase in the pressure gradient 
affected oil production significantly. The induction time decreased from about 300 minutes to 
zero as pressure gradient increased from zero to 13.5 psi/cm. At pressure gradients of 3.55 and 
13.5 psi/cm, the oil production rates were even higher than that for the strongly water-wet plug. 
The final oil recovery was about 72% (OOIP) at ∆p=13.5 psi/cm. Fig.10 shows the results for 
the chalk plug treated with 1,000 ppm stearic acid solution; the Amott index to water was 0.09 
and the induction time was about 20,000 minute for the spontaneous imbibition test. When the 
pressure gradient increased to 0.96 psi/cm, the oil recovery efficiency was not influenced much. 
Further increase in pressure gradient to 1.92 psi/cm resulted in a significant increase in oil 
production rate. When the pressure gradient was greater than 1.92 psi/cm, the oil recovery 
systematically increased with increase in pressure gradient. The final oil recovery for this plug at 
a pressure gradient of 13.5 psi/cm was about 78% (OOIP).  
    The results presented in Figs.9 and 10 demonstrate that viscous forces affect oil recovery 
efficiency for weakly water-wet and intermediate-wet chalks appreciably. 
    In all the tests, the total liquid production rate (oil and water) after water breakthrough was 
less than those before breakthrough.  
    Effect of Wettability. Three chalk plugs with different wettabilities (Iaw=0.09, 0.55, and 0.82) 
were tested. Each chalk plug was used for water injection tests at two pressure gradients: 
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∆p=0.96 and 13.5 psi/cm, respectively. The initial water saturation was zero. Fig.11 indicates 
that the effect of wettability on oil recovery by water injection depended on the applied viscous 
forces. For the tests at a small pressure gradient (∆p=0.96 psi/cm), the oil recovery efficiency 
was strongly influenced by wettability; it increased systematically from 16 to 60% (OOIP) with 
increase in Iaw from 0.09 to 0.82. However, for the tests at a large pressure gradient (∆p=13.5 
psi/cm), the effect of wettability on oil recovery efficiency was small and opposite; the final oil 
recovery was 77% (OOIP) for Iaw=0.09, 72% (OOIP) for Iaw=0.55, and 68% (OOIP) for 
Iaw=0.82. Fig.11 reveals that the pressure gradient has the most influence on the least water-wet 
plug. 
    One may conclude that for a mixed-wet chalk, the effect of wettability on oil recovery is 
strongly dependent upon the viscous forces. Increase in viscous forces reduces the effect of 
wettability on oil recovery efficiency.  
    Effect of Initial Water Saturation. Strongly water-wet (Iaw=1.0), weakly water-wet 
(Iaw=0.55), and intermediate-wet (Iaw=0.09) plugs were used to study the effect of initial water 
saturation. The pressure gradient for the tests was 0.96 psi/cm. For the strongly-water-wet plug, 
the tests were conducted at Swi=0, 10, 21, 32, 33, 38, and 45%. For the weakly water-wet and 
intermediately water-wet plugs, tests were conducted at Swi=0, 10, and at about 20%. In order to 
examine reproducibility, we repeated the test at Swi=10% after the test at Swi=19%.   
    The results presented in Fig.12 are for the strongly water-wet plug. Increase in initial water 
saturation from 0 to 21% did not lead to obvious changes in oil recovery performance. The 
induction time was zero and all the recoverable oils were produced in less than 120 minutes. The 
final oil recovery was about 67% (OOIP). As the initial water saturation increased from 21 to 
45%, the oil recovery decreased systematically. The final oil recovery was 64% (OOIP) for 
Swi=33%, 59.5% for Swi=38%, and 52% (OOIP) for Swi=45%. This result is consistent with those 
reported by Skauge et al.14 and Viksund et al.15. Fig.13 shows the recovery data for the chalk 
plug treated with 500 ppm stearic acid solution. For Swi=0, there was a long induction time 
(tind=300 minutes) before water began to imbibe into the chalk plug, even at a pressure gradient 
of 0.96 psi/cm. The final oil recovery was about 38% (OOIP); for Swi=10%, the induction time 
decreased to about 40 minutes and the final oil recovery increased to about 62% (OOIP); for 
Swi=20%, the induction time was about 15 minutes and the oil production rate was similar to that 
for strongly water-wet. Fig.14 shows the recovery performance for an intermediate-wet plug. As 
the initial water saturation increased from zero to 19%, the induction time decreased from 20,000 
to 200 minutes, and the final oil recovery increased from 7 to 57% (OOIP). The reproducibility 
of recovery performance for the tests at Swi=10% before and after the test at Swi=19% is another 
indication of stable wettability (see Fig.14). 
Part 2-Configuration B 
    For Configuration B, the coreholder was positioned vertically and water was injected from the 
bottom and oil was produced from the top. There were vertical fractures around the stacked 
cores. All the water injection tests were performed at a constant injection rate.  
    Effect of Water Injection Rate. Three tests were performed at 5, 11, and 27 cm3/min (4.1, 8.2, 
and 22.3 PV/day), respectively. Due to the fractures, the pressure gradients from viscous forces 
across the composite chalks was small; they were about 0.01 to 0.02 psi/cm (the gravity effect 
was excluded from the pressure gradients). Fig.15 shows the oil recovery vs. water injection time 
for the strongly water-wet composite system. The results indicate that increase in water injection 
rate from 5.0 to 26.2 cm3/min did not lead to an appreciable change in oil production rate and 
final oil recovery. The final oil recovery was about 66 % (OOIP) for all three injection rates. 
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However, the breakthrough (B.T.) oil recovery systematically decreased with increase in 
injection rate. It was 42.1% for q1=5, 25.1% for q2=11, and 12.4% for q3=27 cm3/min (q1, q2, and 
q3 are the injection rates). The results in Fig.15 suggest that the final oil recovery efficiency for 
strongly water-wet rock of Configuration B (fractured chalk) is independent of rate. This is 
consistent with the results for the strongly water-wet rock of Configuration A.  
    Fig.16 presents the results for the weakly water-wet composite system treated with 500 ppm 
stearic acid solution using the procedure described earlier. For these tests, the fracture aperture 
was reduced from 250 to 125 µm in order to increase pressure gradient. The pressure gradients 
after breakthrough were 0.025, 0.046, and 0.101 psi/cm (corresponding to water injection rates of 
10.0, 30.0, and 68.0 cm3/min, respectively). Because the oil production rate was very slow, the 
water was injected for 10 hours, and then was halted for 14 hours. Each water injection test 
lasted about 19 days. The discontinuity of the recovery curves in Fig.16 (also in Figs. 15, 17, and 
18) is due to the halts of water injection. The results show that the oil production rate after water 
breakthrough was slow for the weakly water-wet Configuration B. Prior to wettability alteration 
(that is SWW state), it took only 800 minutes to reach the final oil recovery (66% OOIP) at 
∆p=0.025 psi/cm. However, it took about 15,000 minutes to reach the final oil recovery (48% 
OOIP) at the same pressure gradient for the weakly water-wet system of Configuration B.  
    Increase in pressure gradient from 0.025 to 0.101 psi/cm did not affect the oil production rate 
at the early stage. However, the oil production rate during the later stage and the final oil 
recovery increased with increase in pressure gradient. The final oil recovery was about 60% 
(OOIP) for ∆p=0.101 psi/cm, 53% (OOIP) for ∆p=0.046 psi/cm, and 48% (OOIP) for ∆p=0.025 
psi/cm. These results demonstrate that increase in pressure gradient could lead to improvement 
of oil recovery by water injection in some fractured rocks. The pressure gradient establishes the 
effect of gravity (that is, the negtive Pc effect) which can lead to appreciable recovery. 
    Effect of Initial Water Saturation. Water injection tests were conducted at different initial 
water saturations with the composite system before and after wettability alteration. Fig.17 
presents the results for the strongly water-wet composite chalk. The established initial water 
saturation varied from zero to 36.8%. The water injection rate was kept at 27 cm3/min (22.3 
PV/day). The results show that when the initial water saturation increased from zero to 36.8%, 
the breakthrough oil recovery was nearly the same, with a variation from 12.4 to 13.9 % (OOIP). 
The oil production rate after water breakthrough and the final oil recovery decreased 
systematically with increase in initial water saturation. This result is consistent with that obtained 
for strongly water-wet  system of Configuration A (see Fig.12).   
    Effect of initial water saturation on oil recovery for the weakly water-wet composite system 
(treated with 500 ppm stearic acid solution) is presented in Fig.18. The established Swi was 
varied from zero to 20% and the water injection rate was 68 cm3/day (the corresponding pressure 
gradient was 0.1 psi/cm after breakthrough). Water injection was halted for 14 hours after each 
ten-hour water injection. Each test lasted about 20 days. 
    The results show that the oil production rate systematically increased with increase in initial 
water saturation, although the final oil recovery was not much influenced. The time to reach the 
residual oil saturation was about 8,000 minutes for Swi=20%, 15,000 minutes for Swi=10%, and 
24,000 minutes for Swi=0. This result was consistent with that observed for the weakly water-wet 
condition of Configuration A (see Fig.13).   
    The effect of initial water saturation on the oil recovery efficiency for the weakly water-wet 
composite system is opposite to that of the strongly water-wet condition. The result is, however, 
consistent to that in the Prodhoe Bay reported by Jerauld and Rathmell4. They found that residual 
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oil saturation decreased with increase in initial water saturation with depth as water-wetness 
increased.  
 
Capillary Pressure.  The coreflooding results under imposed pressure gradient can be used to 
estimate capillary pressure. The water-oil capillary pressure (Pcwo) can be defined as:  

wocwo ppP −=                                                                                   (1) 
where po and pw are the oil phase and water phase pressures, respectively. In all the tests when 
the inlet pressure was kept constant, only pw at the inlet remains constant. At equilibrium, when 
there is no further oil production, the oil pressure drop across the core is zero. At the core outlet, 
the gas-oil capillary pressure (Pcgo) is given by: 
 ogcgo ppP −=                  (2) 
where pg is gas phase pressure. We assume no gas flow in the core and, therefore, pg=po=0. At 
equilibrium, po (at inlet)=po (at outlet)=0 which provides the expression for Pcwo at the inlet:  
 wcwo pP −=                   (3) 
    We make also the assumption that at equilibrium the saturation is uniform across the core. 
With this assumption, Eq.3 can be then used to estimate Pcwo.  
    Fig.19 depicts the estimated capillary pressure curves obtained for the chalk plugs with 
different wettability states. Note that there is no change in saturation for the strongly water-wet 
condition up to Pcwo=-70 psi. On the other hand, there is a substantial effect of capillary pressure 
on saturation for less water-wet conditions to Pcwo=-30 psi. For Pcwo<-30 psi, the saturation 
becomes nearly independent of the state of wettability. Note that Fig.19 is based on the fact that 
due to viscous forces, one may create a condition for gravity force effect.  
    The negative side of the capillary pressure in water-oil systems in the laboratory is often 
created by gravity forces. Immersion of an oil-saturated core in water in a centrifuge test is an 
example. We are currently working on the comparison of the results in Fig.19 and the results 
from centrifuge testing. We are also working on the theoretical and numerical aspects of the 
experiments presented in this paper. Those aspects are the subjects of a forthcoming publication.    
 
Discussion and Conclusions 
    Practical implications from all the experiments in Configurations A and B lead to the belief 
that for some fractured reservoirs, the water injection performance can be independent of the 
state of wettability. In such reservoirs, the negative side of the capillary pressure and the 
capillary continuity20 establish conditions for efficient water injection process. 
    Other main conclusions drawn from this work are: 
1. With increased viscous/gravity forces, the oil recovery efficiency can increase substantially in 
a mixed-wet chalk. The same behavior can also occur in a mixed-wet fractured porous medium. 
2. The effect of initial water saturation on oil recovery depends on wettability. For a strongly 
water-wet condition, oil recovery by water injection can decrease mildly with an increase in 
initial water saturation. However, for weakly water-wetting, the oil recovery by water injection 
can increase significantly with an increase in initial water saturation.  
 
Nomenclature 
       B.T. = breakthrough 
       CSA  = concentration of stearic acid, ppm 
           d = diameter. cm 
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           L =length, cm 
        Iaw  = Amott index to water, fraction 
           k = permeability, md or d     
   OOIP  = original oil in place, % 
      patm  = atmosphere pressure, psi 
        pin  = injection pressure, psi 
      Pcgo  = capillary pressure between gas and oil, psi 
      Pcwo  = capillary pressure between oil and water, psi 
        Pg  = gas phase pressure, psi 
        po   = oil phase pressure, psi 
        pw   = water phase pressure, psi 
   po(inlet)  = oil phase pressure at the inlet of the core, psi 
  po(outlet)  = oil phase pressure at the outlet of the core, psi 
   pw(inlet)  = water phase pressure at the inlet of the core, psi 
  pw(outlet)  = water phase pressure at the outlet of the core, psi 
         ∆p = pressure gradient, psi/cm 
          ∆pbt = pressure gradient after water breakthrough, psi/cm 
        PV  = pore volume, cm3 
           q  = water injection rate, cm3/min (or PV/day) 
        Rim  = oil recovery by spontaneous imbibition, % (OOIP) 
        Rwf  = oil recovery by water injection, % (OOIP) 
        Swi   = initial water saturation, % 
    SWW  = strongly water-wet 
           T  = temperature, oC 
         tind = induction time, min 
Greek Letter 
           φ = porosity, fraction 
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Table-1-Relevant Data for Configuration A 
Run      L       φφ       Swi       CSA       Iaw       ∆∆p        Rim     Rwf  
           (cm)   (%)    (%)      (ppm)            (psi/cm)  (%)    (%) 

Initial Wettability 
1a       6.35   30.6      0          0        1.0         0         66.2     - 
1b       6.35   30.6      0          0        1.0         0         66.2     -  

Effect of CSA on Wettability 
2a       6.51   30.7       0        100      0.83       0         62.0      -  
2b       6.51   30.7    

   0        100      0.83       0         62.4      - 
2c       6.51   30.7         0        100      0.83       0   

        63.0      - 
3a       6.62   30.1        0        200      0.74          0         53.0      - 
3b       6.62   30.1         0        200      0.74         0         53.4      - 
3c       6.62   30.1       0        200      0.74          0         53.4      - 
4a       6.31   30.9       0        500      0.66       0         46.0      - 
4b       6.31    30.9       0          500      0.66        0          46.5      - 
4c       6.31    30.9         0        500      0.66       0         48.5      - 
5a       6.50   30.2       0      1000      0.07       0            3.2      - 
5b       6.50   30.2     

  0      1000      0.07        0           2.7      - 
5c       6.50   30.2       0      1000      0.07       

 0             2.7      - 
Effect of ∆∆p on Oil Recovery by Water Injection 

6a       5.41   31.1      0         0          1.0        0            -     66.2 
6b       5.41   31.1      0         0          1.0     0.09         -     66.2   
6c       5.41   31.1      0         0              1.0     0.37          -  

   66.2  
6d       5.41   31.1      0         0          1.0     0.93           -    66.2 
6e       5.41   31.1      0         0               1.0     12.9          -    66.2 
7a       5.21   30.7      0       500       0.55       0            -    39.0 
7b       5.21   30.7      0       500       0.55    0.96          -    59.5 
7c       5.21   30.7      0       500       0.55    3.85            -    66.2 
7d       5.21   30.7      0       500       0.55    13.5          -    72.0 
8a       5.20   30.6      0     1000       0.07      0             -      6.0 
8b       5.20   30.6      0     1000       0.07    0.96          -    16.0 
8c       5.20   30.6      0     1000       0.07    1.92          -    42.0 
8d       5.20   30.6      0     1000       0.07    3.55          -    49.5 
8e       5.20   30.6      0     1000       0.07    7.69          -    73.0 
8f        5.20   30.6      0     1000       0.07    12.9          -    78.0  

Effect of Iaw on Oil Recovery by Water Injection 
9a       5.22   30.0      0       200       0.82    0.96          -    60.5 
7b       5.21   30.7      0       500           0.55    0.96    

       -     59.5 
8b       5.20   30.6      0     1000       0.07    0.96          -    16.0 
9b       5.22   30.0      0       200       0.82    13.5          -    66.2 
7d       5.21    30.7     0       500           0.55    13.5          -    72.0 
8f        5.20   30.6      0     1000       0.07    12.9          -    78.0 

Effect of Swi on Oil Recovery by Water Injection 
10a      6.01   29.6     0         0           1.0     0.93          -    66.7  
10b     6.01   29.6      10        0           1.0     0.93           -    67.2 
10c     6.01   29.6     21        0           1.0     0.93         -    66.2  
10d     6.01   29.6     32        0           1.0     0.93          -    65.5  
10e     6.01   29.6     33        0           1.0     0.93          -    65.0  
10f      6.01   29.6     39        0           1.0     0.93          -    60.0  
10g     6.01   29.6     45        0           1.0     0.93         -    53.2      
11a     5.31   30.5    10      500        0.55    0.96          -    61.3 
11b     5.31    30.5    20      500        0.55    0.96           -    61.0 
12a      5.40   

 30.2    10     1000        0.09    0.96           -    38.0 
12b      5.40   30.2      19     1000        0.09    0.96          -    58.5 
12c       5.40   30.2    10      1000        0.09    0.96          -    39.1 

   Note: k=0.5 md, d=5.08 cm (runs 2 to 12) and =3.81 cm (run 1)    
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Table-2-Relevant Data for Configuration B 

Run Core   k      Swi    CSA   Iaw       q          ∆∆pbt        Rwf 
                  (d)             (ppm)     (cm3/min) (psi/cm)  (%) 

Effect of q on Oil Recovery by Water Injection 
13     B-1  14.7     0       0     1.0      5.0        0.010      66.2 
14     B-1  14.7     0       0     1.0    11.0       0.014      66.3 
15a   B-1  14.7     0       0     1.0    26.2       0.020      66.4 
15b   B-1  14.7     0       0     1.0    26.2       0.020      66.2 
16a   B-2    4.5     0     500     -       10.0        0.025      47.0 
16b   B-2    4.5     0     500     -       10.0        0.025       44.7 
17     B-2    4.5     0     500     -        30.0        0.046      53.0 
18     B-2    4.5     0     500     -       68.0       0.101      60.0 

Effect of Swi on Oil Recovery by Water Injection 
19     B-1  14.7     0       0     1.0      26.2        0.020      66.2 
20     B-1  14.7  13.9     0     1.0      26.2        0.020      61.9 
21     B-1  14.7   21.2     0     1.0      26.2        0.020      57.0 
22     B-1  14.7  36.8     0     1.0      26.2        0.020      52.0 
18     B-2    4.5     0     500     -       68.0        0.101      60.0 
23     B-2    4.5  10.0   500     -       68.0        0.101      62.6 
24     B-2    4.5  20.0   500     -       68.0       0.101      59.8 

    Note: (1) the fracture aperture was about 250 µm for B-1 and  
                   150 µm for B-2  
              (2) ∆pbt is the differential pressure after water breakthrough 
              (3) d=8.5 cm, L=104.7 cm, φ =30.7% 

       (4) Iaw is not valid for B-2 core 
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Fig.2 - Schematic of Apparatuses for Water Injection and Spontaneous 
Imbibition Tests

Fig.1 - Configurations of Kansas Outcrop Chalks Used in the 
Experiments
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Fig.3 - Spontaneous Imbibition of the Chalk Prior to 
Wettability Alteration: Configuration A 
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Fig.4 -  Wettability Transition Towards More Water-Wetness
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Fig.8 - Effect of Pressure Gradient on Oil Recovery by 
Water Injection: Strongly Water-Wet, Configuration A
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Fig.12 - Effect of Initial Water Saturation on Oil Recovery by 
Water Injection: Strongly Water-Wet, Configuration A
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Fig.19 - Estimated Capillary Pressure Curves from 
Water Injection: Configuration A
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Chapter I – Water Injection in Fractured Porous 
Media 

 
Part IV – Recovery Mechanisms in Fractured Reservoirs and 

Field Performance 
 

ABBAS FIROOZABADI 
 
 

Summary 
 Fractured petroleum reservoirs provide considerable challenge in studying natural 
depletion, immiscible gas injection, miscible gas injection, and water injection.  In this 
overview, certain key aspects of two-phase flow in relation to gas injection and water 
injection in fractured reservoirs are reviewed.  One main conclusion from the review is 
that the field performance can be very efficient by water injection in some weakly water-
wet fractured reservoirs despite the poor recovery in the laboratory by the conventional 
imbibition testing. 
 
Introduction 
 Fractured hydrocarbon reservoirs provide over 20 percent of the world oil 
reserves and production.  Examples of the prolific fractured petroleum reservoirs are: 1) 
the Asmari limestone reservoirs in Iran, 2) the vugular carbonate reservoirs in Mexico, 
and 3) the group of chalk reservoirs of the North Sea.  These prolific reservoirs produce 
more than 5 million barrels of oil a day; their common feature is a long life span, which 
could last several decades.  There are a large number of other fractured hydrocarbon 
reservoirs that may have features very different from the above reservoirs.  Examples of 
such reservoirs are the Austin chalk field and the Keystone (Ellenberger) field in Texas, 
and the Tempa Rossa field in Italy.  In the Keystone field, the average matrix porosity is 
around 2.5 percent; the Austin chalk and Tempa Rossa also have very low porosity.  On 
the other hand, the average matrix porosity of the Ekofisk chalk field in the North Sea is 
around 35 percent. 
 Fractured reservoirs can be classified into three different groups.  For group one, 
the bulk of the hydrocarbon resides in the matrix and fracture pore volume (PV) is very 
small in comparison to the matrix PV.  The Ekofisk field in the North Sea is an example 
of this group(1).  In group two, most of the hydrocarbon is in the matrix, but fracture PV 
could be as high as 10 to 20 percent.  The Asmari limestone reservoirs are example of the 
second group(2).  For group three, more than half of the hydrocarbon resides in the 
fracture; in some cases, the contribution of the matrix can be negligible.  The Keystone 
(Ellenberger) field in Texas is an example of a fractured reservoir where most of the 
hydrocarbon is from the fractures(3). There are very few reports of the production 
performance of group three in the literature.  For all three groups, the matrix permeability 
is often low – of the order of several md to less than 0.01 md.  The effective permeability 
due to fractures increases from one to several orders of magnitude.  In some of the 
reservoirs of group three, the productive life varies from less than one year to several 
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years.  The ultimate recovery from fractured reservoirs varies widely – from less than 10 
percent to over 60 percent.  The recovery factor in group three could vary from 10 
percent to over 60 percent;  the recovery factor of 10 percent is mostly from the fracture 
and rock compressibility, and the recovery of 60 percent is mainly from gravity drainage.  
Later we will study the key factors that affect recovery performance of fractured 
reservoirs. 
 There are fundamental differences between recovery performance of fractured 
and unfractured reservoirs.  Capillarity is the main cause of this difference.  More 
specifically, the difference in capillary pressure of matrix and fractures has a significant 
effect on recovery performance of fractured reservoirs. 
 In the following, gas displacement and water displacement processes in fractured 
porous media  and a brief description of compressibility effect are presented. 
 
Gas-Oil Displacement in Fractured Media  
 Gas-oil immiscible displacement in the form of gas-oil gravity drainage could 
contribute to substantial recovery in fractured reservoirs. Two mechanisms affect the 
efficiency of gas-oil gravity drainage: 1) reinfiltration, and 2) capillary continuity. 
Reinfiltration may direct the path of oil flow to be primarily  in the tight matrix, not 
through the high permeability fractures. Capillary continuity between the matrix blocks 
may improve the final recovery drastically. However, due to the contrast in matrix and 
fracture capillary pressure, the rate of drainage in fractured porous media can be 
substantially less than in a homogeneous tight matrix.  Next we discuss reinfiltration in 
fractured porous media and then gravity drainage in layered and fractured media to 
elucidate these two mechanisms.      

Reinfiltration in Fractured Porous Media - The rate of oil flow in a one-
dimensional matrix block in the vertical direction is given by(4)  
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where ρ∆  is the density difference between the oil and gas phases, cP  is the gas-oil 

capillary pressure, oS  is the oil saturation, z is the vertical distance (positive upwards), k 

and rok  are the absolute permeability and oil relative permeability, respectively, oµ  is 
the oil viscosity, and q is the rate of oil drainage or infiltration and is assumed to be 
positive in the downward direction.  This equation gives the rate of drainage at the 
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As the matrix block desaturates 0/
0

<
=zo dzdS  and the rate of drainage decreases.  

Therefore, the rate of drainage from the bottom face of the matrix block is always, 
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From the top face of the matrix block at Lz = , the rate of oil reinfiltration can be 
computed using Eq. 1.  If enough liquid is provided, 1==LzoS  and 0/
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therefore, 
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The implication of the relationships given by Eqs. 3 and 4 is that as the matrix 
desaturates, the rate of reinfiltration is higher than the rate of drainage and, therefore, oil 
flows through the matrix.  The above results are in the context of gas and oil flow far 
away from the wellbore where viscous effects are not pronounced. 
 Note that reinfiltration applies to gas-oil systems but not to water-oil systems 
(when water is the wetting-phase).  When oil is the wetting-phase in a water-oil system, 
then the oil in fractures could reinfiltrate back into matrix rock. For the weakly water-
wetting in oil-water flow, the rate of reinfiltration of the produced oil from a matrix block 
to the neighboring matrix blocks may not be significant. 

Gas-oil Gravity Drainage in Layered and Fractured Media - Let us consider 
two sand columns each of 18-m height.  One sand column is homogeneous and has a 
permeability of 750md.  The other sand column is layered with alternate layers of 750md 
and 7500md.  The height of each layer in the layered column is 1.8m.  The geometric 
average permeability of the layered column is about 2200md – about three times  the 
homogeneous column.  The porosity and residual oil saturations of the less permeable 
sand and the more permeable sand are assumed the same (see theory and details in 
Firoozabadi(5) and Correa and Firoozabadi(6)). 
 Fig. 1 shows the drainage rate and the cumulative production of the two columns.  
Note that the less permeable sand column has a better recovery efficiency than the more 
permeable layered-sand column.  The main reason for the difference in recoveries is due 
to the capillary pressure contrast between the two layers.  From the drainage rate results 
(see Fig. 1), one may confidently conclude that there is no meaning to an average 
capillary pressure for a layered system when there is a contrast in capillary pressures.  
One may not also provide scale up for such a drainage problem. 
 Let us now consider the drainage performance of a 1.8-m long homogenous Berea 
sandstone with a cross sectional area of 220.5 cm2.  After measuring the drainage 
performance of this tall block, it was cut into three equal pieces of 0.60m height each(7).  
These blocks were stacked on top of each other.  Four metallic spacers of 100-micron 
thickness and areal dimensions of 22×  cm were inserted in the space between the matrix 
blocks.  The insertion of spacers ensures uniform fracture aperture between the matrix 
blocks.  The drainage performance of the three-block stack was also measured.  Fig. 2 
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shows the drainage performance of the tall block and the three-stacked blocks.  There is a 
significant difference between the two recovery curves.  While the permeability of the 
stacked block system is more than the permeability of the tall block, the capillary 
pressure contrast between the fracture and the matrix media affects the recovery in favor 
of the less permeable tall block.  Fig. 3 shows the fracture and matrix capillary pressures 
that were used to simulate the drainage results shown in Fig. 2 (see Ref. 8). 
 The two examples above reveal that the capillary pressure contrast between the 
two media next to each other has a pronounced adverse effect on recovery performance 
by gas-oil gravity drainage.  When the two capillary pressures become identical, the gas-
oil gravity drainage recovery performance improves significantly.  One may reduce 
capillary pressure contrast by reducing the interfacial tension between the gas and oil 
phases through miscible displacement.  Miscible displacement in fractured porous media 
can be a viable option for improved oil recovery. It will be discussed briefly next. 
 
Miscible Displacement in Fractured Porous Media 

 The common understanding of flow in fracture porous media is that fractures 
provide the oil flow path and the matrix provides the storage.  This understanding is true 
in 1) single phase flow, 2) water-wet fractured media for water displacement of oil, and 
3) flow around the wellbore with high viscous forces.  As we have seen above, it may not 
be valid for gas-oil gravity drainage.  When miscible injection in fractured porous media 
is considered, we need also to modify our thinking.  In general, there are various 
crossflows between a less permeable and a more permeable porous medium due to 
capillary, gravity, and viscous forces or due to diffusion.  Both experimental data and 
theoretical analysis (Refs. 9-11) show that in a miscible injection process, the injected 
fluids do not flow through the high permeability fractures.  There is strong gravity and 
viscous crossflows between fractures and matrix. As a result, miscible gas injection in 
fractured porous media can be very efficient. State of the art in dual-permeability 
modeling does not currently allow to account for some of the basic crossflows in miscible 
gas injection in fractured reservoirs. 

 
Water Displacement in Fractured Media  

Water injection has been very efficient in some fractured reservoirs. However, the 
general thinking in the literature centers around the idea that water injection in fractured 
reservoirs is mainly efficient for water-wet conditions.  On the basis of this belief, 
laboratory experiments are conducted by immersing an oil-saturated core plug into water 
to study the imbibition recovery.  The immersion forces the imbibition to be 
countercurrent.  In the past, when the countercurrent imbibition tests in the laboratory 
gave poor recovery, water injection was assumed to be inefficient.  As we will 
demonstrate soon, one can measure very poor recovery by countercurrent imbibition 
testing in the laboratory, but in the field, water injection may be very efficient.  In other 
words, there may be no relation between laboratory measurements of spontaneous  
imbibition and field performance, even when the reservoir wettability state is perfectly 
restored in the laboratory.  Hermansen et al.(1) have reviewed  water injection 
performance of the Ekofisk fractured field in the North Sea.  The field data show that the 
water-injection performance in Ekofisk is independent of its wettability state.  Fig. 4 
shows the oil production rate in Ekofisk from 1972 to 1997.  Water injection in the field 
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commenced in 1987.  Figure 4 shows the dramatic increase (from 70,000 BOPD in 1987 
to 260,000 BOPD in 1997) in rate after water injection commencement. In the upper 
formation (where the reservoir is less water-wet) in-situ saturation measurements showed 
that recoveries were better than laboratory measured values.  Field data show that in this 
fractured field there has been limited water breakthrough even after ten years of 
waterflood operation. 

Now we discuss water injection in both water-wet and weakly water-wet (that is, 
intermediate-wet) fractured porous media. 
 The fracture network does not become flooded at once from water injection; the 
water-oil level in the fractures has an advancing behavior. Therefore, imbibition in a 
water-wet matrix block of a fractured medium may not be only due to countercurrent 
imbibition.  When a water-wet matrix block is partially covered by water, oil recovery 
can be either mostly by cocurrent imbibition or by both countercurrent and cocurrent 
imbibition.   
 Pooladi-Darvish and Firoozabadi(12) have shown that the scaling of countercurrent 
imbibition, which is often used to evaluate water injection in water-wet fractured 
reservoirs may lead to pessimistic recovery performance.  In countercurrent imbibition, 
the oil flow path is in two-phase; in cocurrent imbibition, the flow path for oil is mainly 
in single-phase, which can be very efficient. Fig. 5 shows the recovery performance of a 
single matrix block from water injection from the bottom, and immersion in water(13).  A 
single block of an outcrop chalk ( md3≈k , %30≈φ ) was placed in a visual coreholder 
and was surrounded by top, bottom, and side fractures.  Fig. 5 shows that the initial rate 
of imbibition for the immersion tests is high.  This is due to large contact area between 
the matrix block and the fracture water.  Later on, however, production rate for injection 
tests is higher than the immersion tests.  The immersion forces countercurrent imbibition, 
whereas injection gives the matrix a choice for cocurrent or countercurrent depending on 
rate of injection. Fig. 6 presents the fine grid simulation results of water injection from 
the bottom of the matrix surrounded by fractures.  The height at zero is the bottom and 
top of the block is at 30cm.  The water saturation in the fracture at 0.1 and 0.3 PV 
injection and the corresponding oil flux from the matrix to the fracture, and the water flux 
from the fracture to the matrix show that most of the oil is produced by cocurrent 
imbibition (the rates in the Fig. 6 are dimensionless).  In other words, the oil is produced 
mainly above the water-oil contact in the fracture and water imbibes below the water-oil 
contact(14). 

Fig. 7 shows the effect of pressure gradient across a rock sample on oil recovery 
in a  water-wet tight rock plug(15) ( 3.1=k md, %30≈φ , cm6≈L , cm1.5=d ).  This figure 
also shows  the recovery performance from countercurrent imbibition for the same rock.  
Note that the final oil recovery is around 68 percent and is independent of the pressure 
gradient.  The recovery from  countercurrent imbibition is also 68 percent.  In the 
countercurrent imbibition test, the oil-saturated rock is immersed in water.  In the 
coreflooding tests, the core was sealed across the circumference and water was injected at 
a constant pressure.  The outlet was at atmospheric pressure. 
 Fig. 8 plots the recovery performance of the weakly water-wet core (with the 
same permeability, porosity, and dimensions and similar to the core plug of Fig. 7).  The 
Amott wettability index to water(16) is 0.09.  Fig. 8 also shows the recovery performance 
of the  water-wet rock as a reference when it is subjected to countercurrent imbibition.  
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For the countercurrent imbibition test in the weakly water-wet rock, there is no water 
imbibition to a time of about 6 days.  The period in which the rate of imbibition is zero at 
the beginning is called the induction time, which is a common feature in a nucleation 
phenomena(17).  Even when the imbibition begins, the rate is low.  The final recovery is 
only about 5 percent.  In the flooding test, the recovery increases with the increase of 
pressure gradient.  At a pressure gradient of 0.96 psi/cm, the induction time is about 14 
days and the final recovery is about 11 percent.  As the pressure gradient increases, the 
recovery performance improves.  At pressure gradients of 3.85 and 13.5 psi/cm, the final 
recoveries are about 50% and 78%, respectively.  Note that the final recovery for the 
countercurrent imbibition of the water-wet rock is about 68 percent. 

Fig. 9 shows the estimated capillary pressures for the  water-wet ( 0.1=awI ) and the 
weakly water-wet ( 09.0=awI ) rocks.  Only the negative capillary pressures are estimated; 
the final recovery and pressure data from the corefloodings were used to estimate the 
capillary pressure, which is defined from wc ppP −= 0 .  Note that at 0=cP , the water 
saturations are 5 and 65 percent for the weakly water-wet and  water-wet cores, 
respectively.  These saturations are consistent with the countercurrent imbibition tests in 
Fig. 7.  Note that there is no extra recovery for the water-wet rock at high negative 
capillary pressures.  On the other hand, there is a major increase in oil recovery for the 
weakly water-wet rock as capillary pressure decreases.  The contribution for the negative 
side of the capillary pressure curve to  recovery is often called forced imbibition; the 
recovery from the positive side is called spontaneous imbibition. 

 
Fracture-Matrix-Fluid Compressibility  

Knowledge of formation compressibility can be very important when a highly 
undersaturated oil in a fractured reservoir is considered.  The total compressibility 
becomes critical when gas and water injection options are not available.  Suppose we 
neglect the pore compressibility, and the fluid compressibility is 6106 −×  1/psia; then the 
recovery from 4000 psi pressure drop would be 2.4 percent.  However if the combined 
fracture/matrix pore compressibility is 5102 −×=fc  1/psia, then the recovery would be 10.4 
percent, which is substantial.  High compressibility allows economical depletion of 
fractured reservoirs of group three (with no matrix porosity) where there is no active 
aquifer and there is a substantial oil undersaturation (say 4000 to 5000 psi). 
 
Discussion and Concluding Remarks  

Fractured petroleum reservoirs are currently characterized by two main models.  
In the so-called sugar-cube model, all the fractures are connected and the size of the 
matrix blocks surrounded by fractures is an important parameter.  Dual-porosity models 
are extensively used to simulate various production schemes from such characterization 
(Gilman and Kazemi(18), and Thomas et al.(19)).  In the discrete fracture model, the 
connectivity of fractures are realistically described.  Efforts towards the use of discrete-
fracture representation of fractured reservoirs in multiphase flow has begun(20).  In each 
of these two models it is a challenge to include various mechanisms of water and gas 
displacement.  Nevertheless, as the understanding of physical processes improves, we use 
the improved physical understanding of flow processes either directly or indirectly in 
appropriate models for the characterization of fractured reservoirs.  It seems that the 
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combination of laboratory research and interpretation of field performance is our best 
course of action for efficient production from fractured reservoirs. 
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Nomenclature 
cf    formation compressibility 
d  core diameter 
g  acceleration due to gravity 

awI  Amott wettability index to water 
k  permeability 

rok  oil relative permeability 
L  core length 
p  pressure 

cP  capillary pressure 

op  oil phase pressure 

wp  water phase pressure 
q  oil flow rate 

oS  oil saturation 
z  height 
ρ∆  gas-oil density difference 

oµ  oil viscosity 
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Fig. 1 – Gas-oil gravity drainage in a homogenous and in a layered 
column (adapted from Ref. 6).

Fig. 3 – Matrix and  fracture capillary 
pressures (Ref. 8).
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Chapter II – Gravitational Potential Variations of the 
Sun and Moon for the Estimation of Reservoir 

Properties 
 

Part I – Gravitational Potential Variations of the Sun and Moon for 
the Estimation of Reservoir Compressibility  

 
ERIC CHANG AND ABBAS FIROOZABADI 

 
 
Abstract 
Total compressibility in a fractured reservoir is estimated using the pressure response due to gravitational 
potential variations. Both the lunar and the solar gravitational potentials are fully accounted for by 
inclusion of longer-period components. The semi-diurnal and diurnal pressure data show substantial long-
term variations. The gravitational potential also contains the same variation trend; the ratio between the 
potential and pressure has a fairly uniform value over successive cycles. The computed total 
compressibility is also fairly constant and independent of the cycle. 
 
Introduction 
Pressure test data taken with modern, high-resolution gauges often show small, but easily observable 
pressure variations, with a definite periodic behavior.  These periodic fluctuations appear to occur on a 
semi-diurnal time scale (repeating every half-day).  In addition, other variations with similar, but longer 
periods, such as diurnal (daily) may also be evident.  The origin of the sinusoidal variation in reservoir 
pressure observed in well test data is the coincident periodic variation in the gravitational potential 
imposed on the earth by the moon and the sun. The potential variations are coupled to the reservoir 
pressure pulsations through the earth tide.  The earth tide is similar to the more familiar and readily 
observable ocean tide.  Both are similar manifestations of the same phenomena, in which the free surface 
of a body seeks a surface of constant potential of the imposed gravitational field in order to minimize 
potential energy.  Observations of these pressure perturbations can provide estimates of reservoir fluid 
and petrophysical properties, because they couple the pressure response to the potential variation.  
Typically, there are two parameters that can be estimated in this way.  These are the total compressibility-
porosity product and the mobility of the fluid within the pores.  The former is related to the amplitude of 
the pressure response, and the latter to the phase lag.  If the pressure data are of good quality, and the 
tidally-induced variations are distinct, correspondence between the gravitational potential driving force 
and the associated response should be clear enough to make estimates with reasonable confidence.   
    This study uses a data set from a fractured oil-bearing formation with a clear semi-diurnal signal that is 
well above both the noise and trend threshold, providing an ideal opportunity to test the tidal analysis 
theory. 
    There are three tasks that are required in order to use the pressure variation data to estimate bulk 
reservoir properties.  First, an expression for the gravitational potential due to the most important sources, 
the moon and the sun, must be obtained.  Although this has been done previously in the literature, it is not 
in a form suitable for the current analysis, for reasons that will be examined in more detail later.  
Furthermore, it is desirable to show the derivation in a form that is sufficiently self-contained so that it 
may be used as a basis for independent investigation.  Second, the dilatational response as a function of 
the magnitude of the gravitational potential is required.  Unlike the ocean tide, the earth tide is restrained 
by the elastic properties of the solid earth.  Thus, the pressure response to a varying gravitational field is 
influenced by the constitutive model (density, compressibility, and elasticity) selected for the interior of 
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the earth.  Third, the dilatation, or compaction of the earth near the surface must be related to the observed 
pressure through the parameters that it is desirable to evaluate.  Such relations can take the form of a 
simple volume balance proportionality, or a complicated time-dependent numerical solution of the flow 
around the wellbore that must be solved repeatedly and regressed against the observations. 
 
Previous Work 
The estimation of reservoir parameters using the pressure due to gravitational potential variations has 
been undertaken in several contexts in previous investigations. Some of the earliest observations of pore 
volume changes induced by earth tides have been made on fluid height variations in an open wellbore.  
Since this type of measurement does not require sophisticated pressure monitoring equipment, it is 
straightforward and inexpensive to perform.  Bredehoeft1 has presented a comprehensive investigation of 
the fluid height oscillation in a water reservoir due to pore volume changes.  The relation derived between 
the dilatation and the porosity is valid for the quasi-steady state estimation of the porosity from amplitude 
observations.  He has also commented on observations from different locations.  Moreland and 
Donaldson2 extended the analysis to employ the phase lag to estimate flow parameters from observations 
of the fluid height as a function of time.  They solved the flow equation with constant pressure boundary 
conditions at the wellbore.  The flow into the wellbore caused by the differential compaction of the 
reservoir results in a phase lag that was studied for various values of the flow parameters. 
    In petroleum reservoirs, the measured data is usually in the form of the pressure, as the wellbore is 
closed.  In this situation, the gravitationally-induced dilatation causes compaction or expansion which 
results in a uniform increase or decrease in pressure throughout the reservoir.  Under quasi-steady state 
conditions, this pressure is the same as what is observed at the wellbore.  Arditty et al.3 studied the 
response of a closed system to periodic variations in the gravitational fie ld generated by the moon, which 
is the body with the major influence.  They only considered the principal semi-diurnal and diurnal 
components of the tidal signal.  In addition, they extended Moreland and Donaldson’s flow solution for 
the closed wellbore system in order to analyze critical frequency (equivalent to phase lag) as influenced 
by flow parameters.  Many of their results were inconclusive, most probably due to poor data quality.  In 
addition, the several smaller, but still important earth tide components that were ignored in their 
comparisons may still have had a substantial influence.  This was a major impetus, along with 
observations from a fractured field, for including all the tidal components in the estimation procedure 
described in our investigation. 
    Other studies involving closed reservoir systems included the work of Hanson and Owen4, who studied 
principal fracture orientation via examination of the directional dependence of phase lag between the 
pressure response and the earth tide induced dilatation.  A principal fracture orientation could be detected 
by examination of this quantity due to the fact that fluid flow parameters influence the phase lag.  Hemala 
and Balnaves5 studied the influence of ocean tide effects caused by the local changes in gravitational field 
brought about by the redistribution of ocean water mass on a periodic basis.  They used the principal 
semi-diurnal lunar component of the gravitational potential in order to estimate compressibility and 
obtained reasonable agreement with triaxial tests. 
    The current study seeks to derive a full (multi-spectral) expression for the gravitational forcing 
potential for both the sun and the moon.  This potential is then compared with the observed pressure 
fluctuations in an observation well from a fractured reservoir for the purpose of computing total 
compressibility of the formation. It was found that by employing the full expression, cycle-to-cycle trends 
could be explained by the inclusion of the longer period components, which would otherwise result in a 
misfit between observation and theory if only a single component forcing function were used. 

Data Analysis 
Fast Fourier Transform (FFT).   It is customary when studying a data stream whose key behavior is 
periodic to examine the data in the frequency domain.  This has the advantage of highlighting the major 
frequency components.  In fact, if the desired signal is deeply submerged in noise, filtering over a long 
period may still be able to extract the dominant spectral component.  A 128K point FFT (Fast Fourier 
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transform) was performed on one pressure record from the observation well T.  The frequency of 
sampling was 120 hr-1, so the time interval was 1067 hr.  A spectral plot of amplitude squared versus 
frequency is shown in Fig. 1.  An excerpt of the pressure data, beginning 1750 hours after the start of the 
test, in the time domain is shown in Fig. 2.  The periodic behavior of the signal is especially evident in the 
frequency domain plot, with two clear peaks at frequencies of 0.04 hr-1 and 0.08 hr-1 appearing, 
corresponding to periods of 24 and 12 hours (diurnal and semi-diurnal), respectively. 
 
Limitations of the FFT.  Also evident in Fig. 1 is the large tail of low frequency noise due to the slow 
decay of the spectral components excited by the windowing function implicit in the finite extent of the 
input data in the time domain.  Since the window leakage occurs in the region of interest for tidal analysis 
(the diurnal terms, especially), it makes the task of estimating the total energy in that range of frequency 
difficult.  Another problem with using the spectral plot to estimate energy in a frequency range is the 
presence of closely spaced components that are hard to resolve.  In fact, resolving them amounts to 
individually estimating each one’s amplitude, frequency and phase.  Clearly, fitting this large quantity of 
parameters is undesirable for the comparatively more modest task of estimating the total spectral energy 
associated with the two peaks. 
 
Alternative Methods.  As was pointed out by Melchior6, there are better ways of regressing against this 
type of data, such as least-squares fitting in the time domain.  Since the astronomical influences that 
generate the gravitational potential fluctuations are known with high accuracy, it should not be necessary 
to fit high-resolution amplitude and phase models through the use of Fourier analysis.  The information 
would be redundant, and the procedure would be equivalent to the unnecessary amplification of noise.  By 
imposing the already well-known forcing function on the linear elastic model of the earth, it should be 
possible to numerically fit the small number of desired unknowns by means of a regression against the 
computed and actual responses. 
    Note that this is quite different from simply extracting the dominant semi-diurnal spectral component 
and attempting to fit it to the observed pressure.  As is clear from Fig. 2, there is more than one spectral 
component, so consequently the fit will be different depending on the time interval over which it is made. 
Thus, such a fit is only meaningful when many (or most) of the spectral components are retained in the 
gravitational potential forcing function.  This procedure is similar to the one used for estimating the 
elasticity response parameters (explained in more detail in Appendix B) by comparison between 
theoretical and observed deformation of the earth’s volume, as measured with tri-axial pendulums, 
resulting from the earth tides. 
    Comparison between the data processes and the gravitational potential will be deferred until later in the 
paper, when a full expression for the latter will be derived. 
 
Single-Component Based Estimates 
Limitations.   Despite the caveats mentioned in the preceding section, it is still instructive to attempt to 
estimate the total compressibility via a single component analysis following Arditty et al.3 This rough 
calculation will also lay some groundwork for the more accurate analysis presented in the following 
section.  The largest component in the Fourier representation of the combined lunar-solar induced 
potential is known as M2.  It arises from approximating the position of the lunar orbit as a mean band of 
distributed mass centered at the equator.  Deviations from this base term are caused by longer term 
variations in the true orbit due to its obliquity as well as to the influence of the sun.  The solar 
contribution is neglected in this preliminary simplified calculation. 
 
Contribution to Pressure Head.  There are actually two avenues by which temporal variations in the 
gravitational potential can cause corresponding pressure pulsations.  The first is by compaction and 
expansion of the earth’s volume, and the second is by varying the static pressure head. 
    The second contribution is so small that it is negligible compared to the first.  This will be shown by 
performing a simple calculation.  Note that this mechanism does not rely on coupling through the earth’s 
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deformation in order for a pressure response to be generated.  The variation in the field strength caused by 
the changes in distance between the attracting body and the earth gives rise to the pressure variations.  
The pressure head of a stationary fluid column is proportional to g, the gravitational acceleration, so 
changes in g result in proportional changes in the pressure, p.  The total lunar influence comprises a peak-
to-peak amplitude variation of approximately 0.17 milligal out of the approximately 980 gal (cm/s2) from 
the earth’s field.  Therefore, from ∆p = ρh∆g, the pressure variations induced by this mechanism would 
be about 10-7 times the pressure head, or 0.0001 psi per 1000 psi of original pressure head.  Such small 
pressure perturbations are negligible in comparison to the dilatation-induced amplitude and, therefore, 
will be ignored for the remainder of this analysis. 
 
Estimates.  It is possible to make a rough estimate of the compressibility using only the single tidal 
component generated by the moon (M2).  The dilatation induced by this component is tabulated by Arditty 
et al3.  The relation between the dilatation, θ, and the gravitational potential changes which cause it are 
quite complex.  It is the result of a linear elastic system in which the earth deforms quasi-statically under 
the influence of a non-uniform gravitational field.  Details of this solution are given in Appendix B.  This 
problem was formulated using an earth constitutive model with radially varying elasticity, density, and 
compressibility, and was first solved numerically by Takeuchi7 in 1950.  The dilatation induced by M2 is 
given as 
 
   Θ  =  4.5 × 10-8     (1) 
 
In other words, the amplitude of the strain would be 0.0000045% in either direction (compaction or 
expansion). 
The deformation of the reservoir volume is resisted by the rigidity of the pore network and the 
compressibility of the fluid within it.  If the matrix grain compressibility is small compared to that of the 
pore space, most of the volume change upon deformation will occur in the latter.  Therefore, one may 
write 
 

Θ  =  f cf ∆p      (2) 
 

where f is the porosity, cf is the total compressibility of the pore space, and ∆p is the change in pressure.  
Since Arditty’s value of Θ  was computed as a peak-to-peak value, an estimate of cf would require the 
peak-to-peak amplitude of the pressure variations.  In addition, a value for f is also required.  As 
mentioned in the previous section, it is difficult to estimate the primary component’s peak-to-peak 
variation, because the forcing function is not composed of solely one component.  Examinations of a short 
run of data from the beginning of Fig. 2 shows sequential peak-to-peak values of 0.1479, 0.0576, 0.1026, 
0.0064, 0.1275, 0.0635 psi.  Clearly, there is no one value for the peak-to-peak variation. Integration of 
the spectral energy in the semi-diurnal bin, on the other hand, yields ∆p of about 0.25 psi, but this value 
includes contributions from other closely spaced spectral components and is, therefore, not suitable for 
comparison with Eq. 1.  Using the first estimates, then, in conjunction with a porosity of 0.02, results in 
values for cf  ranging from 1.5 to 35×10-5 psi-1.  (Note that the pressure data in Fig. 2 should be detrended 
for proper compressibility calculations.) In the next section, the compressibility estimate will be refined 
by computing an expression of the potential (and, therefore, the dilatation) which uses the entire spectrum 
of lunar and solar components.  This driving term will then be compared directly with the pressure signal 
in order to resolve some of the concerns raised above. 

Total Compressibility 
Conventional Methodology.  Traditionally, earth tide analysis has been carried out via a separation of 
the time varying potential into a series of pure sinusoidal components.  Due to the complexity of the 
relative orbits of the sun, and especially the moon, such a separation results in an infinite number of 
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spectral terms.  Then, only the first few terms with the largest amplitudes are selected for use.  As shown 
in Appendix A, which gives a detailed derivation of the full gravitational potential, the terms in the 
expression involve products of sinusoidal functions of the astronomical longitudes and declinations  (see 
Eq. A.8).  Non-linear mixing between the components gives a long-term modulation that was evident in 
the peak values of the pressure data exhibited in Fig. 2. 
    The same methodology could be retained in the current exercise.  Each of the tabulated harmonic 
components of the potential could be summed in declining order of importance, until an approximation of 
satisfactory accuracy could be obtained. 
 
Calculation of Full Expression for Potential.  For various reasons, it was decided that the full 
expression for the potential would be used.  First, this method is actually somewhat simpler than the 
multiple component method, since the analytical expression for the potential does not have to be 
spectrally decomposed, only to be partially reconstructed later on.  Furthermore, there are some questions 
about the validity of some of the expansions, and these inconsistencies can be bypassed by simply 
retaining the full expression. 
    In this era of high-speed digital computers, there is less of an advantage to a trade-off taking on 
algebraic complexity in exchange for simplifications in the data fitting later down the line.  The fit 
between the derived potential and the pressure data should, with the full expression, also be independent 
of the time interval selected, because all components, even the ones with very long periods, are included.  
The expression for the potential is computed directly from Newton’s law for the gravitational attraction 
between two masses, and requires the masses and separation distances (the latter being a function of 
time). These quantities are known with a great deal of accuracy, both from astronomical calculations and 
observations spanning more than a century.  For reference, the expression for V2, the first term in the 
spherical harmonic series of the potential due to a body in relative orbital motion with respect to the earth, 
is repeated here (see Appendix A).  
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DN  is Doodson’s number, an astronomical parameter which depends on the mean separation distance 
between the moon (or the sun) and the earth, as well as their masses.  It has units of length2/time2, the 
same as potential, the rest of the expression being dimensionless.  c/R is the dimensionless deviation from 
the mean distance associated with the disturbing body’s orbit, δ is the declination, φ the latitude, and τ1 
the supplementary hour angle (or time, with 360 degrees being equivalent to a day). 
    It is clear how the complicated, multi-spectral dependence of the potential on time arises, since the 
second and third terms, besides containing sinusoidal functions of the basic time, also contain multiple 
harmonic terms dependent on the declination, which also varies periodically with time. τ1 contains an 
implicit dependence on the longitude.  The declination may be computed from the true longitude and 
ecliptic obliquity associated with the moon or the sun.  One value of V2 is calculated for the moon and one 
for the sun, and they are added together.  Note that although the longitude and latitude of the observation 
point will be the same, δ and τ1 will be different between the lunar and solar terms.  Addition of the two 
terms to obtain the full potential is permissible within the scope of this investigation, since the effect of 
the potential on the dilatation is coupled through a system of linear equations.  Therefore, the principle of 
superposition applies. 
 
Comparison with Pressure Data.  The combined lunar-solar potential is computed and plotted along 
with the pressure data from the observation well T of a fractured reservoir.  This fractured reservoir has a 
negligible matrix porosity, a fracture porosity of around 2%, and a highly undersaturated oil.  Based on an 
extended production period of about a year, the total compressibility is calculated to be around 2.5 × 10-5 
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psia -1.  Note that the total compressibility is very high compared to oil or water compressibility; the high 
compressibililty can contribute to substantial recovery under certain conditions.  The compressibility 
calculated from pressure drop of the reservoir is influenced by the estimated amount of fluid in place and 
is, therefore, subject to uncertainity.  Fig. 3 shows the pressure in the observation well for two different 
tests.  Note that during the interval of pressure data from the observation well, oil was produced from the 
field.  The plot shown in Fig. 3a starts 1600 hours after the beginning of the test (1215, 10/17/1996), and 
that in Fig. 3b also starts after the beginning of the associated test (1231, 4/22/97).  The pressure data in 
Figs. 3a and 3b reveal a cyclic variation; there are periods during which pressure variations are small.  
Such periods are not suitable for data collection to be used in the estimation of compressibility; the error 
maybe be too large.  As we will see soon, the period of low pressure varia tion can be predicted from the 
potential calculations.  Fig. 4 is a shorter time data for observation well T.  Several features are 
immediately obvious from these graphs.  The first is that the pressure is clearly being driven by the tidal 
potential.  Each time there is a large peak in the potential there follows a large peak in the pressure curve, 
and vice versa with the small peaks.  Closer examination of Fig. 4 shows a longer term trend in that the 
largest peak-to-peak difference is slowly decreasing first, then increasing and then decreasing.  This 
pattern is also matched in the pressure signal.  These features illustrate the benefit of using the full 
expression of the potential rather than an expression limited to a few spectral components, which would 
obviously show a different fit depending on the time window that the potential and pressure were 
compared in.  A second notable feature is the phase lag evident in the pressure signal.  Fig. 4 has had the 
x-axis (time) shifted by 12 hours to make the comparison between the pressure and potential peaks more 
clear.  Such a lag is a result of a slight deviation from the quasi-static approximation implicit in the 
compressibility estimate.  The wellbore, having a different (and lower) effective compressibility, must be 
charged from the surrounding reservoir volume.  The mobility of the fluid is sufficiently low that a lag is 
generated between the pressure and the driving force associated with the potential.  The phase lag points 
to the opportunity of computing fluid mobility (k /µ) which will be discussed in further detail in the 
following sections.  
 
Estimate of Compressibility.  The plots in Fig. 4 can be used to estimate total compressibility in much 
the same way that the peak-to-peak measurements in an earlier section were used.  In this case, although 
the peak-to-peak distance in the pressure profile is seen to vary, the potential also contains the same trend 
in variation.  Thus, the key quantity, which is the ratio between the potential and the pressure, maintains a 
fairly uniform value over successive cycles.  For example, the maximal peak-to-peak difference (for the 
peaks in the middle of the graph in Fig. 4e) in the potential curve is approximately 71000 cm2/sec2, and 
the corresponding peak-to-peak difference in pressure is 0.167 psi.  Using Eq. B.5 in conjunction with Eq. 
2, 
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where 2V∆  is the peak-to-peak difference in the gravitational potential 2V , p∆  is the corresponding 
peak-to-peak difference in pressure, r is the radius of the earth (r = 6373.388 km), and g is the 
acceleration of gravity.  Substituting the values of the peak-to-peak variations ∆V2 and ∆p yields, cf = 1.7 
× 10-5 psi-1 which is in fair agreement with the total compressibility estimated from the extended 
production testing. 
 It may be demonstrated that this value of the compressibility computed in such a fashion is, to a large 
part, independent of the time or location of the measurement.  Table 1 provides a list of estimates for the 
compressibility obtained from different times.  Times and dates are given in local time, month/day/year 
format.  For the purposes of making these estimates, the data were detrended with a simple linear 
calculation that equalized the starting and ending pressure of the track.  Such a transformation removes 
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the linearly time-dependent portion of the trend.  All the values of the compressibility fall in a fairly 
narrow range from approximately 1.4 × 10-5 psi-1 to 1.74 × 10-5 psi-1.  In fact, one estimate of the possible 
error is based on the decrease in pressure due to the long-term trend in the reservoir of about 0.1 psi/day. 

 
Table 1 – Estimated Compressibility 

 
Start Date Time period (hours after start) cf  

(10-5 psi –1) 
1215 10/17/96 24-264 1.54 
1215 10/17/96 3120-3360 (early) 1.43 
1215 10/17/96 3120-3360 (late) 1.63 
1231 4/22/97 24-264 (early) 1.68 
1231 4/22/97 24-264 (late) 1.52 
1231 4/22/97 1272-1512 (early) 1.74 
1231 4/22/97 1272-1512 (late) 1.71 

 
 
The computations may be extended to use a larger interval of the pressure data by regressing the constant 
of proportionality between the potential and the pressure.  Unfortunately, such a fitting process is 
complicated by two factors.  The first is the aforementioned phase lag between the pressure and the 
potential.  A parametric fit for this quantity must also be included in the non-linear regression as an offset 
in the time variable.  Since the dependence of the astronomical longitudes and declinations on time is 
fairly complicated, it is difficult to obtain the Hessian matrix of derivatives with respect to regression 
parameters that is required for a typical Levenberg-Marquardt non-linear regression.  The second factor is 
the presence of an obvious trend in the pressure data.  Superimposed on the tide-induced pressure 
variations is a long-term pressure decline that is part of the observation well pressure measurement.  
Using more than a few cycles of pressure data requires that this trend is more effectively removed.  These 
concerns will be addressed in future work in which the estimation of flow parameters will also be 
included. 
 
Remarks 
The current investigation shows that most of the higher frequency features in the pressure data can be 
explained by the earth tide.  There is, however, a substantial phase lag.  In addition, it is clear that longer-
term trends in the pressure data, due to depletion of the reservoir, must be filtered out without overly 
affecting the desired signal.  Note that the potential induced by the earth tide varies with a longer term 
trend than the diurnal or semi-diurnal variations associated with the earth’s rotation.  These variations 
should not be filtered out.  They are caused by the slow changes in the declination of the moon due to 
both its orbit and the indirect influence of the sun on the orbit obliquity.  Therefore, there are optimum 
periods, as well as more favorable locations, for carrying out pressure measurement.  These points will be 
discussed in more detail below. 
 The pressure data show a phase lag (about 12 hours) with respect to the potential, as was discussed 
earlier.  This lag arises from the fact that the characteristic time associated with fluid flow around the 
wellbore is comparable to the semi-diurnal time scale over which the most rapid oscillations in the 
potential take place.  The phase lag has a secondary effect on the compressibility estimate.  Close 
examination of comparisons between pressure and potential shows that the ratios between adjacent large 
and small peaks do not correspond. The reason for this “blurring” effect is that the phase lag makes the 
pressure response not only a function of the current, but also of the immediately preceding values of the 
potential. 
    Rather than being a hindrance to the compressibility computation, the phase lag is an avenue for 
estimating the fluid mobility (k/µ).  This problem has been addressed by Moreland and Donaldson2 for the 
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case in which the wellbore is at constant pressure.   This boundary condition is sufficiently simple that it 
was possible to obtain an analytic (although not closed form) solution to the flow equations.  The closed 
boundary, constant-volume problem is significantly more difficult, and although the governing equations 
are still linear, it may be difficult to obtain analytic solutions to them.  A numerically-based regression 
procedure, however, does not require an analytic solution, although the computation of the required 
minimization derivatives becomes much more complicated. 
    In order to make an appropriate comparison between the potential and the pressure, it is necessary to 
remove as much of the trend in the latter that is not a result of the earth tide.  The standard method for 
frequency-dependent filtering is to perform it in the frequency domain.  A spectral model is constructed 
for the noise, and a filter is constructed to preferentially attenuate the components that occur in greater 
proportions in the noise.  Of course, if there are noise components that have the same frequency as 
desirable ones in the data, a filter of this type will attenuate both of them without regard for their source.  
Future investigations will study the construction of this so-called optimal filter. 
    One way of approaching the signal-significance problem is suggested by the plots of potential over 
longer time periods.  The higher frequency potential wave is modulated by a longer-term wave with a 
characteristic period of several days.  This modulation is caused by the declination of the moon in its 
comparatively slow orbit causing its zenith point to drift closer to the observation site.  Clearly, the 
strongest signal is obtained when the relative lunar trajectory passes most closely to directly overhead of 
this point.  Such a time interval may be computed from astronomical tables or the formulas presented in 
Appendix A.  Also, it is noted that this “optimal interval” will also depend on the latitude where the 
measurements are taken.  Therefore, it is prudent to review the time interval over which the pressure 
measurements are carried out, with consideration of the test’s location. 

Conclusions 
The analysis of the well pressure data shows that it is possible to make compressibility estimates if the 
measurements are of sufficiently high quality.  In this case, the resolution was high enough so that the 
tidally-driven sinusoidal variations were clearly visible.  Also, as shown by the temporal plots, the noise, 
or scatter in the data was well below the signal strength.  These criteria can be attained with modern high-
quality crystal strain devices.  In addition, the location of the reservoir is sufficiently close to the equator 
(φ ≈ 40°) that the potential varies with a significant span.  Finally, low fracture porosity, in conjunction 
with a high total compressibility, insured a strong pressure signal.  It was shown that although a decent 
estimate of the compressibility could not be obtained by comparing the cyclical variation of the pressure 
with the dominant harmonic component of the earth tide, a good estimate could be made by admitting the 
full expression for the lunar-solar gravitational potential, since the former could be off by a large factor, 
depending on the time interval it was computed.  The clear presence of a phase lag in the pressure data 
shows promise for use towards estimating flow parameters in the reservoir, such as fluid mobility (k /µ).  
This analysis will be carried out in the future. 
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Nomenclaure 

c = mean distance from the center of the earth to the center of the disturbing body (without 
subscript the disturbing body is the moon, with subscript the disturbing body in the sun), cm 

 cf = total compressibility of the pore space, psi-1 

 f = porosity, fraction 
 g = acceleration of gravity, cm/sec2 

G = gravitational constant in Newton’s law of universal gravitation, cm3/(g⋅cm2) 
 h = mean solar longitude, degrees 
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 h1 = true solar longitude, degrees  
k  = permeability, md 
l =  distance from observation point on the surface of the earth to the center of the disturbing 
body, cm 

 L = Longitude east from the reference meridian, degrees 
m = mass of the disturbing body (the moon or the sun), g 

 N = side angle, see Fig. A.4, degrees 
 N′ = side angle, see Fig. A.4, degrees 
 ND = Doodson’s number, cm2/sec2 

 p = pressure, psi; also mean perigee coordinate, degrees 
 ps = perihelion coordinate, degrees 

r = distance from the center of the earth to any point within the earth, cm; also earth radius, cm 
R = distance from the center of the earth to the center of the disturbing body, cm 
s = mean lunar longitude, degrees 
s1 = true lunar longitude, degrees 
u = displacement, cm 
V = gravitational potential, (g⋅cm2)/sec2 
 

Greek Letters  
 α = right ascension, degrees 
 β = declination from ecliptic, degrees 
 γ = spring equinox, degrees 
 δ = declination (latitude of the zenith point), degrees 
 ε = obliquity of the ecliptic, degrees; also normal strain, g/(cm⋅sec2) 

θ = latitude in spherical coordinates, degrees 
θo = Greenwich side real time, degrees 
Θ= dilatation, dimensionless 
λ1 = Lame’s modulus, g/(cm⋅sec2) 

 λ2 = shear modulus, g/(cm⋅sec2) 
µ  = viscosity, g/(cm⋅sec2) 

 ρ = density, g/cm3 
 σ = normal stress, g/(cm⋅sec2) 
 τ = hour angle, degrees 
 τ1= supplementary hour angle, degrees 
 φ = latitude, degrees 
         
Subscripts 
 r component along r axis 
 θ component along θ axis 
     φ component along φ axis 
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APPENDIX A- Derivation of the Expre ssion for Gravitational Potential in Geocentric Coordinates 
Astronomical motions are conveniently described using the celestial sphere.  Specialized terminology 
such as ecliptic, ascension, equinox, etc. are used in such a description.  One may refer to standard texts 
on astronomy and astrophysics for the terminology’s used in this Appendix. 
    From Newton’s law of universal gravitation, the gravitational potential V (defined from, lVg ∂∂= / ) 
at a distance l from the center of mass of the disturbing body is given by  
 

   
l
m

GV =       (A.1) 

 
where G is the gravitational constant and m is the mass of the disturbing body.  Now, consider a point P 
(see Fig. A.1) on the earth (of distance r from the earth’s center).  The potential at point P due to the 
disturbing body whose center of mass is at M is given by 
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The disturbing body can be the moon (see Fig. A.1) or the sun.  When both the sun and moon are 
considered, the total potential is given by V = Vm + Vs, where Vm is the lunar tide potential and Vs is the 
solar tide potential.  Simple addition of these potentials suffices, since the equation determining the 
dilatational response is linear, and the principle of superposition applies. 

    In triangle OPM of Fig. A.1,  2l = R2 + r2 –2rR cosθ.   
    Combining the expansion of this expression and noting that r/R ≈ 1/60 for the moon, and r/R ≈ 1/23600 
for the sun, with Eq. A.2, 
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Using the definition of Doodson’s number,  
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where c is the mean distance from the center of the earth to the center of the disturbing body, 
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     From this point on, the presentation will specifically deal with the moon as the disturbing body.  The 
corresponding procedure for the sun is much simpler, due to the fact that its orbit follows the ecliptic. 
    The contribution of the first term to V in Eq. A.5 is denoted by V2, 
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The second term is denoted by V3.  Since V3 is smaller than V2 by a factor of approximately the radius of 
the earth to the separation distance, it is about 1/45 the size of V2 for the moon, and even smaller for the 
sun. 
    Eq. A.6 is still somewhat inconvenient to use because θ depends both on the observation point P and 
the position of the moon.  It is desirable to separate this dependency by transformation into geocentric 
spherical coordinates.  Such a transformation may be accomplished using the fundamental formula of the 
position triangle of spherical geometry9 , 
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The coordinates are shown in Fig. A.2. In this new coordinate system, Eq. A.6 becomes 
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The first term gives the long-period excitation, and the second and third terms give the diurnal and semi-
diurnal excitations, respectively.  The declination (latitude of the zenith point) is denoted by δ, φ is the 
latitude, and τ1 – 180o is the hour angle, in the celestial sphere of the moon.  Evaluation of this expression 
requires the location of the observation point (latitude and longitude), as well as the time (date).  The 
remainder of Appendix A shows how (c/R)3, δ and τ1 are calculated. 
    The earth-moon distance varies with a period approximately equal to that of the lunar orbit and is given 
by Brown’s model8:  
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   The quantities s, p, and h are angles associated with various astronomical motions and are given at the 
end of this appendix in terms of time. 
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    The declination, δ, has a fairly complex dependency on the above quantities, since the lunar orbit does 
not quite follow the ecliptic.  In order to explain the computation of the lunar declination, it is helpful to 
study the simpler situation in which the orbit follows the ecliptic.  This computation is directly applicable 
for analyzing the solar orbit, and with the addition of another spherical triangle, will be used for the lunar 
orbit.  The simplified diagram is shown in Fig. A.3.  The spherical triangle is made up of the equator, the 
meridian through the zenith point, and the lunar orbit.  Application of Eq. A.7 yields,  
 

 cos α cos δ = cos s1,     (A.10) 
 
    Note that in this equation, with s1 replaced by h1, the true solar longitude is directly applicable to the 
computation of the gravitational potential due to the sun.  For the effect of the moon, however, the 
deviation of the lunar orbit from the ecliptic must be accounted for, and consequently the simple spherical 
triangle shown in Fig. A.3 must be modified accordingly.  The true lunar longitude is not measured 
directly from the spring equinox.  Instead, s1 is measured first to the intersection of the upper transit of the 
moon with the ecliptic, then along the lunar orbit.  This is shown in Fig. A.4.  In this figure, N´ is defined 
as the angle from the lunar upper transit intersection to the ecliptic intersection with the intersection of the 
zenith point meridian and the ecliptic. 
    There are two triangles formed by the lunar and solar trajectories: 
 

cos δ´ cos α = cos (N + N´)     (A.11) 
 

for the lower one, and 
cos (δ - δ´) cos α = cos (s1 - N)    (A.12) 

 
There is one additional equation from the ecliptic triangle: 
 

sin δ´  = sin ε sin (N + N´)     (A.13) 
 

The above three equations give the three unknowns α, N´, and δ´. 
    To solve these equations, first the computation must be performed along the lunar orbit, followed by 
the simple analog (as alluded to previously) along the ecliptic.  Specifically, the numerical computation of 
N´, from Eq. A.11, must be made differently in each of the four quadrants of s1 – N. 
 

 ( ) βcos/cos'cos 1 NsN −=           o
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 ( )( ) βcos/180cos'cos 1
o NsN −−=  o

1
o 18090 <−≤ Ns  

 ( ) βcos/180cos'cos o
1 −−= NsN   o

1
o 270180 <−≤ Ns  

 ( )( ) βcos/360cos'co 1
o NssN −−=  o

1
o 360270 <−≤ Ns   (A.14) 

 
    Once N´ has been obtained, α may be calculated based on the standard ecliptic relations, Eqs. A.10 and 
A.11.  Since ε is known, δ´ may be eliminated.  It is known that δ´ < 90o, so Eq. A.11 may be inverted 
immediately without regard for quadrant.  Then, Eq. A.10 is solved in exactly the same way as above, 
with the different forms for each quadrant.  By means of conditional statements, this procedure may 
readily be coded as a computer program. 
    Note that the upper triangle in Fig. A.4 does not lie alongside the zenith point meridian precisely.  
Therefore, δ is not quite equal to δ´ + β.  Nonetheless, the resulting computation will give a value of α 
accurate to within a few degrees as compared to NASA lunar observations11.  The maximum error occurs 
at angles furthest from the compass points (0, 90 o, 180 o, and 270 o), and it is not cumulative.  It is 
possible to do an exact trigonometric computation, but the equations are non-linear and therefore require a 



95 

numerical iterative solution.  The approximate computation above was considered to be accurate enough 
for the current purposes. 
    The hour angle τ  (or supplementary hour angle, τ1) may be computed from the following expression 
 

τ = τ1 - 180 o = θ0 + L – α,      (A.15) 
 

where θ0 is the Greenwich sidereal time, L is the longitude east from the reference meridian, and α is the 
right ascension as computed from the spherical triangles.  The sidereal time is simply the stellar longitude, 
which differs from the solar time by one day in a year due to the earth’s orbit around the sun.  This 
quantity is obtained from a program, which starts at a fixed reference and uses the relation, sidereal day = 
0.997270 solar days. 

The analogous computation for the sun is identical, with the exception of the spherical triangle 
computation of δ and α.  In this case, the single triangle expression given by equation A.13 may be 
applied to the spherical triangle generated by the equator, the ecliptic, and their connecting meridian.  The 
resulting expression is  

 
  1sinsinsin hεδ =      (A.16) 
 

which provides δ  directly from the quantities, due to the fact that the sun’s orbit follows the ecliptic.  
With δ , α  may be obtained from Eq. A.10, with s1 replaced by h1 (the true solar longitude suffices, 
since the sun’s orbit follows the ecliptic).  Doodson’s number is modified by the ratio between the 
potential associated with the sun and the moon, respectively, due to their differing masses and distances 
from the earth.  This ratio is 0.46051, with the influence of the sun being weaker by this factor than the 
moon. 
    The astronomical parameters required in the above calculations are8: 
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 300001.0 T−        mean perigee coordinate 
200208.014201.193418328.259 TTN +−=  

 3000002.0 T+      ascending lunar node 
 
Here, T is the number of Julian centuries (36525 mean solar days) since noon, 1899 December, 
Greenwich mean time.  The following parameters are corrections to the solar quantities as influenced by 
the eccentricity of the earth’s orbit. 
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As mentioned previously, the true lunar parameters are more complicated due to the fact that the lunar 
orbit does not quite follow the ecliptic.  The formulas below use Brown’s model for lunar motion8. 
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APPENDIX B-The Dilatational Response of the Earth to a Non-uniform Gravitational Field 
In the presence of a gravitational potential given by V2 in Eq. A.6, the earth becomes distorted into a 
prolate spheroid whose long axis points toward the moon (or the sun).  An exaggerated diagram showing 
this effect is given in Fig. B.1.  In order to relate the gravitational potential to a pressure change observed 
in the reservoir, it is necessary to obtain the resulting strain of the earth’s volume8.  The key component of 
the strain is the isotropic volume change (volumetric strain), or dilatation, denoted by Θ .  The dilatation 
is simply the trace of the strain matrix: 
 
   φφθθ εεεΘ ++= rr ,     (B.1) 

 
where ε  is the normal strain along the appropriate spherical axes.  The normal stresses are related to 
normal strains.  In an isotropic medium, the radial stress rrσ  is given by rrrr ελθλσ 21 2+= . The 

parameters 1λ  and 2λ  are the Lamé modulus and the shear modulus, respectively.  They are a measure of 

elasticity and rigidity.  Similar relations for θθε  and φφε  hold.  The radial stress at the surface of the 

earth is zero, 
 
   02 21 =+= rrrr ελθλσ     (B.2) 
 
Therefore, at (or near) the surface of the earth, 
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The strains are related to the displacement u.  In spherical coordinates 
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One can write the equations of motion relating displacement to gravity potential V2, and normal stresses.  
Three parameters, 1λ , 2λ , and ρ  (earth’s density) appear in the equations of motion.  The first solution 
computed using a realistic earth model was carried out numerically by Takeuchi7.  The earth model 
hypothesized a compressible but non-rigid core (from the observation that seismic S, or shear waves do 
not propagate through the earth’s core) with density given by Bullen10 of 12.284 (1 – 0.64014 ξ 2), in 
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units of g/cm3, with =ξ dimensionless distance from the center of the earth, varying from 0 to 1.  
Between the core boundary and the surface of the earth, the constitutive properties of the earth were 
considered to vary as a function of radius, with several distinct regions with linear variations of the 
properties within each.  The following table gives the density, ρ, the Lamé constant, 1λ , and the shear 

modulus, 2λ , as a function of ξ .  The constants 1λ  and 2λ  are estimated from velocities of P and S 
seismic waves.  
    The tabular data shows a discontinuity at 500 km.  Note that 1λ  and 2λ  are given in cgs units times 
1012. 
    The solution with these parameters results in 
 

ag
V249.0=Θ ,       (B.5) 

 
The factor 0.49 is a constant of integration which results from this particular choice of earth model, and 
consequent spherically symmetric numerical elasticity solution, that Takeuchi performed.  The 3-axis 
pendulum measurements of the actual dilatation results in a constant factor of 0.50, which is in good 
agreement with the theoretical value, 0.49, obtained by Takeuchi6.

 
 
 

Table B-1 – Variants of ρρ , 11λλ , and 22λλ  in the outer core of the earth 
 

Depth 
(km) 

ρ  
(g/cm3) 

1λ  2λ  

ξ
ρ

d
d

 
ξ
λ

d
d 1  

ξ
λ

d
d 2  

0 3.30 0.680 0.600    
250 3.51 0.936 0.772 -4.9686 -6.5815 -4.1558 
500 3.69 1.197 0.926    
500 4.22 1.644 1.217 -4.6730 -8.4296 -9.9371 
800 4.44 2.041 1.685 -4.4590 -6.4443 -8.2172 

1100 4.64 2.251 1.991 -3.7158 -8.5570 -4.5970 
1400 4.79 2.847 2.118 -3.1850 -8.3977 -3.6203 
1700 4.94 3.042 2.332 -3.0788 -4.6713 -4.2466 
2000 5.08 3.287 2.518 -3.0788 -8.3340 -3.0788 
2300 5.23 3.827 2.622 -3.1850 -10.9350 -2.7072 
2600 5.38 4.317 2.773 -3.1850 -8.2916 -3.2805 
2900 5.53 4.608 2.931 -3.1850 -6.1789 -3.3549 
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Figure 1 - Amplitude squared of pressure variation as 
a function of frequency from a 128K FFT - Well T. 
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Fig. 1 - Well T: Starting at 1215 10/17//96. 
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Figure 3a. Pressure Data from Well T: Starting at 
1215, 10/17/96. 
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Figure 4a. Potential and Pressure from Well T: Starting at 
1215 10/17/96 (time lag adjusted). 

Figure 4c. Potential and Pressure from Well T: 
Starting at 1215 10/17/96 (time lag adjusted). 
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1215 10/17/96 (time lag adjusted). 

Figure 4d. Potential and Pressure from Well T: 
Starting at 1231 4/22/97 (time lag adjusted). 
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Figure 4e. Potential and Pressure from Well T: Starting at 
1231 22/04/97 (time lag adjusted).
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Figure A.1 – Bispherical axisymmetric coordinate system about  
the earth and the moon. 
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Figure A.2 – Geocentric coordinates for the potential expression.  P is the observation 
point, Z is the lunar zenith point, and τ1 is the moon sidereal time. 
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Figure A.3 – The right spherical triangle with the lunar orbit as its hypotenuse.  s1  is the 
lunar longitude, α is the right ascension, and δ is the declination. 
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Figure A.4 – The two spherical triangles formed by the equator, the ecliptic, and the lunar 
orbit.  β  is the declination of the lunar orbit with respect to the ecliptic, N is the angle 

between the spring equinox and the ascending intersection between the lunar orbit and 
the ecliptic, and γ is the spring equinox. 
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Figure B.1 – First order deformation, shown by the dotted contour, in response to the 
gravitational field generated by a mass in proximity to the earth.  The scale of the 

deformation is exaggerated for clarity.  Points at the top and bottom of the earth undergo 
differential expansion, and points along the axis of the line joining the earth and the mass 

undergo differential compaction. 
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Chapter II – Gravitational Potential Variations of the 
Sun and Moon for the Estimation of Reservoir 

Properties 
 

Part II – Gravitational Potential Variations of the Sun and Moon for 
the Estimation of Reservoir Permeability  

 
ABBAS FIROOZABADI AND ERIC CHANG  

 
 
Abstract 
 The flow in a reservoir due to gravitational potential variation from the sun and the moon is 
formulated.  Based on this formulation, three parameters affect the flow: 1) a Fourier number 
which is the ratio between the increase in the amount of a mass around the wellbore and the 
amount transferred by flow from the wellbore for one period, 2) storativity ratio of the wellbore 
which is the ratio of wellbore storativity to the reservoir, and 3) the peak to peak variation of the 
gravitational potential.  Results show that the time lag between the wellbore pressure and the 
pressure far away from the wellbore is sensitive to permeability for a certain range of the 
parameters. 
 
Introduction 
 Sensitive pressure measurements taken in closed wellbores often exhibit small periodic 
pulsations with periods that are approximately diurnal (24 hour) or semidiurnal (12 hour).  These 
are especially evident under quiescent conditions, such as periods of slow pressure decline.  The 
origin of these pulsations is the periodic dilation of the reservoir’s porous rock by a varying 
gravitational field generated by the (relative) orbital motions of the moon and the sun. 
 It has been shown previously that the peak-to-peak magnitude of these pressure oscillations is 
inversely proportional to the reservoir’s total compressibility1. Depending on the fluid mobility 

µ/k  (k is the permeability and µ  is the viscosity) the observed pressure signal may not always 
be in phase with the imposed varying gravitational potential field from the sun and the earth. As 
we will see in this paper, the phase lag can be due to the pressure oscillations in the reservoirs far 
from the well and pressure oscillations in the well from fluid flow.  This phase lag may be used 
to give some indication of the fluid mobility without the need for producing fluids during well 
testing.   
 The main goal of this paper is to formulate the transient flow equations around the wellbore 
and provide the pressure response as a function of the time-varying gravitational field.  The 
solution is expected to provide an explanation for the time lag.  The solution is also expected to 
be useful to estimate fluid mobility in a closed well.  
 
Previous Work – The problem of estimating the wellbore flow response to a periodically 
varying gravitational field has been examined previously by several investigators. The principles 
and reservoir coupling mechanisms (and, therefore, the conclusions) proposed in the various 
studies have shown some differences, but they are all based on the general principle that periodic 
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variations in the gravitational field generate dilatations in the porous media volume via coupling 
mechanisms.  These dilatations force some fluid into the wellbore, which must subsequently 
drain back into the reservoir rock during the subsequent period of lower pressure.  Delays due to 
the time required for fluid to move towards (or away from) the wellbore give rise to the phase lag 
between the gravitational potential and the observed pressure. 
 Moreland and Donaldson2 modeled the system with an oscillating rigid overburden.  Variations 
in the gravitational field modulated the weight of the overburden, which was directly transmitted 
to the reservoir media via rock constitutive coefficients, which described the relations between 
rock stress, strain, and pore pressure.  The resulting system of linear elasticity and flow equations 
was solved semi-analytically, and the phase lag obtained as the angle associated with the 
complex-valued response magnitude. 
 Rebbinder3 considered a porous material composed of horizontally oriented fractures which 
exhibited a compressibility (independent from the fluid compressibility) with respect to the z-
component of the variation in the gravitational field.  Although the mechanism is simpler, the 
physical coupling is equivalent to that used by Moreland and Donaldson.  Rather than the 
pressure or fluid height within a wellbore, the position of the free surface was sought. In this 
case, flow is entirely in the vertical direction, as manifested in the oscillation of the water table 
height.  The water table motion also exhibits a phase lag, since it requires a non-zero amount of 
time for fluid to enter the well and increase the height of the water table once the formation has 
been compacted. 
 Furnes et al.4, in addition to Hemala and Balnaves5, considered a different coupling mechanism 
between the gravitational field variations and the observed pressure response.  Overburden force 
variations due to the sea tide causes corresponding porosity variations in the reservoir, by means 
of a Hooke’s law based mechanism.  This physical mechanism is particularly interesting, since it 
predicts a different phase relationship between the gravitational forcing and the anticipated 
pressure variations at zero phase lag (high mobility) than the ones discussed earlier. 
 Finally, Arditty et al.6, following Bodvardsson7, employed a global deformation mechanism 
based on the numerical solution derived by Takeuchi8 for the deformation of the earth’s volume 
in response to a gravitational potential variation in the form of the second growing spherical 
harmonic expanded about the earth’s center.  For reasons discussed in Ref. 1 (and repeated 
briefly in this paper), this mechanism seems to be the most plausible for coupling gravitational 
potential variations to the observable pressure signal. 
  
Field Observations  
 In Ref. 1, the total compressibility of an Italian onshore reservoir was estimated using an earth 
tide deformation model.  A phase lag of about 12 hours was observed between the calculated 
gravitational potential and measured pressure (see Fig. 1). Fig. 2 shows measured pressure data 
and the calculated gravitational potential from a well in a Colombian reservoir.  There is no 
phase lag between the measured data and the calculated potential.  In the Colombian onshore 
reservoir, the mobility is about two orders of magnitude higher than the Italian reservoir; both 
reservoirs are fractured with very low matrix porosity.  The contrast between the mobility in the 
two reservoirs may be related to the phase lag between wellbore pressure and imposed 
gravitational potential variation. 
 We point out that observations from offshore reservoirs can show another complication in the 
phase lag between pressure response and imposed gravitational potential variation.  In Ref. 3, 
Rehbinder showed that the well response almost exactly follows the sea floor pressure.  This 



 

108 

pressure, in turn, is driven by the ocean tide, and gives rise to a pressure driving force that is a 
half cycle (approximately 6 hours) out of phase with the perturbations caused by the earth tide.  
Therefore, this additional driving term must be accounted for when considering measurements 
taken in offshore reservoirs. 
 
Fluid Flow Model 
 Since the relationship between phase lag and fluid mobility may be dependent on the nature of 
fluid flow towards and away from the wellbore, it is necessary to discriminate between the 
various possible candidates.  The  overburden-driven flow proposed by Moreland and 
Donaldson2 and Moreland9 is one of these candidates.  These authors considered both rectangular 
(flow driven into a channel and depleted uniformly at one end) and axisymmetric (flow into a 
cylindrical wellbore with static pressure drive at infinity) domains.  The driving force for flow in 
these systems is the modulation of the weight, or force exerted by the overburden, on the 
producing formation.  The force is simply the vector sum of the gravitational force of the earth 
and that due to the disturbing body.  A net flow is generated by the squeezing action of this 
varying overburden, volumetrically dilating the fluid-bearing porous medium.  The overburden 
force, in turn, is resisted by the elastic nature of the rock matrix as well as by the varying pore 
pressure. 
 The phase of the static pressure under these conditions is such that it is lowest when the 
astronomical body (the moon, for example) is directly overhead.  The normal component of the 
gravitational force to the earth’s surface will decline to zero at a 90o offset to the direction of the 
force, and tend to increase the overburden when the body is directly below (with respect to the 
earth’s center) the observation location.  Therefore, the pressure signal will have a 24-hour 
fundamental component.  Since observations show that the fundamental component is closer to 
12 hours, this flow model may not be able to explain the dominant component. 
 As mentioned in Ref. 1, the amplitude of the static pressure variations predicted by the 
overburden model also does not agree with the observations.  The simple linear model mentioned 
Ref. 1 will be expanded somewhat for clarity.  The concept of a force balance between the 
overburden and the reservoir stresses may be written in the following way, 
 
   pAF += σ/0  ,      (1) 
 
where 0F  is the overburden force, A is the area element in consideration, σ  is the rock stress, and 
p is the pressure.  The overburden term may be written in terms of the depth and the average 
fluid and rock density as glρ , where l is the overburden height.  Let us consider the response of 
the system to a small change in the local gravitational potential, or equivalently g where g would 
change to gg ∆+ .  Because linearity applies in the elastic response of the reservoir, the reservoir 
stress is a result of a linear operation on g. 
 

)(gL=σ        (2) 
 
The response to gg ∆+  may be computed by using the property of linearity as 
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Evaluating Eq. 1, the gravitational potential then yields 
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By comparing Eq. 4 with Eq. 1, the pressure increase pggp )(∆=∆ .  As noted in Ref. 1, 

734 10gal10gal/10/ −− =≈∆ gg ; for psi104=p , psi10 3−=∆p , which is much smaller than the 
observed pressure variations in the reservoirs (see Figs. 1 and 2).  The unit gal is shorthand used 
in the earth tide literature10 for cm-sec-2. 
 The overburden mechanism proposed by Furnes et al.4, although similar, cannot be dismissed 
in the same fashion.  One factor is the extremely strong correlation with field data.  In this case, 
the driving force also has a semi-diurnal fundamental period, which is in agreement with the 
observed field pressure.  The key difference is that the model considers ocean tide overburden, 
which has the correct period.  In addition, ocean tide surface loading is not a proportional effect, 
as the model discussed above exhibited, but rather an additive one. 
Both the two reservoirs considered in this study are onshore, so the mechanism of ocean tide 
loading is not present.  In order to generate a response of sufficient size to produce the observed 
pressure variations, it is clear from the above considerations that the model must account for 
influence over global scales so that the angular variation of the gravitational field becomes 
significant. 
 The earth tide dilation model used in Refs. 1, 5, and 6 does fulfill the criterion in which the 
earth deforms to match the shape of the isopotential surface of the gravitational perturbation.  In 
Ref. 1, we have shown that such a model is successful for predicting the static properties of the 
reservoir (total compressibility). In this paper, the dynamic behavior of this model will be 
examined in order to shed some light on the computation of mobility from phase lag. 
 Consider an axisymmetric system with a well in the center (see Fig. 3).  During the period that 
the static pressure in the formation from the wellbore is increasing, the pressure in the well if 
there was no communication with formation, will vary much less in the same period.  As the 
gravitational cycle reverses, the pressure far away from the wellbore decreases.  If there is 
communication between the formation and the well during high pressure period in the far-field, 
the fluid moves toward the wellbore, and during the low pressure cycle, the fluid moves from the 
wellbore to the formation.  The process also follows a phase lag between the maximum pressure 
in the wellbore and the maximum pressure in the far-field.  In the far-field, the pressure increase 
is accompanied by a decrease in the gravitation potential and vice versa, as we will see later. The 
dynamic flow of the process depends on the geometry of the axisymmetric system and the 
importance of the regions of fluid nearer the wellbore for providing pressure support.  This, in 
turn, is related to the Stokes or Whitehead paradox, in which the disturbance of a cylinder to 
Stokes flow becomes unbounded at infinity (see, for example, chapter 7 in Ref. 11).  Or, for the 
system being investigated, there is no steady state solution to the flow problem with a non-zero 
wellbore flow rate and bounded pressure at infinity, implying limited deliverability of far-field 
regions, and therefore, a restriction of most of the flow to a bounded region surrounding the 
wellbore. 

The simplified problem domain still retains the physical features of the system necessary for 
studying the phase lag-mobility relationship.  It consists of an infinite fluid filled cylindrical 
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wellbore of radius R1 surrounded by a fluid saturated (viscosity µ ) porous medium (permeability 
k) extending out to infinity (see Figure 3).  The equation for pressure within the porous medium 
portion is12: 
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     (5a) 

 
This equation follows from applying Darcy’s law in conjunction with conservation of mass in a 

compressible system with varying porosity (φ).  Here, ρ is the fluid density, t is time, and r is 
the radial coordinate and is positive away from the wellbore.   

The boundary conditions are: 
 

p(r, t) = pwell(t), at 1Rr = ,      (6) 
 

( ) ( )tptrp s=, , at ∞=r .     (7) 
 

The initial condition is 
 

0)0,( prp =        (8) 
 

where 0p  is an average or baseline reservoir pressure and )(tps  is the static pressure far from 
the wellbore. 

In light of the physical system (and its parameters) that is being modeled, some further 
approximations are also made. 
1) The wellbore does not move.  Although the wellbore does actually move, if it dilated in 
accordance with the reservoir volume, this movement would be negligible for the purpose of 
accounting for fluid flow, since the dilatation must be substantially larger than those associated 
with the porous medium in the reservoir to generate equivalent pressure changes.  The reason for 
this difference is that the pressure change in the reservoir is magnified by a factor of 1/φ, and 
those in the wellbore attenuated by increase in effective volume due to the ratio between the 
formation thickness and the completion interval. 
2) Ignore non-uniform compaction due to the cavity effect.  The local solution to the deformation 
equations will be affected by the presence of the wellbore.  Typically, the deformation will be 
greater in its vicinity because the material is less rigid there.  Immediately inside the wellbore, 
the effect of this difference is minimized due to the factor in 1) and in its neighborhood, the 
effect is diminished due to the penetration distance of the cylindrical flow. 
3) Eq. 5a is slightly non-linear.  On the other hand, it deals with tiny perturbations to the 
pressure, density, and porosity.  It may be linearized by retaining the effect of varying density in 
the source term driving the flow, but neglecting its contribution to the mass balance with respect 
to influx due to flow.  This approximation amounts to neglecting terms of order of the 
perturbation squared (that is, 2)/( rp ∂∂ is neglected in comparison to 22 / rp ∂∂  and rp ∂∂ / ).  
Formally, this assumption corresponds to considering ρ to be independent of r, but not of t, and k 
to be independent of r.  With this assumption, Eq. 5a can be written as 
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4) The porous medium is homogeneous and of infinite extent.  All reservoirs are bounded, but 
often the extent is sufficient for the further regions to contribute little to the flow towards the 
wellbore.  This approximation will be checked by an a posteriori estimate of the penetration 
depth. 
5) The linearity of the equations allows superposition.  After linearization is performed, the now 
linear system of equations may be solved by superposition.  This brings a powerful array of 
Fourier techniques13 to bear, which will prove to be both useful and insightful. 
6) The motion of the solid phase is negligible.  This approximation is valid when the porosity is 
low.  At higher values of the porosity, the velocity of the fluid is modified by a constant factor 
which is approximately 1 – φ.  The density and porosity become coupled with the pressure 
solution and the solution to the full equations of motion is required.  The static pressure will also 
be a solution to the full-coupled elasticity and flow equations that apply when the porous 
medium is not stationary14. 
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The above expressions are the equations of continuity for the fluid and solid and momentum 

for the fluid and solid, respectively.  The velocities of the fluid and solid are v
r

 and V
r

, and the 
bulk and shear elasticity are ζ  and η.  The momentum equation for the solid is written in index 
notation, where δi3 represents the unit vector in the z (gravitation) direction. 

The solution to Eq. 5b for the region far from the well is called the static pressure, sp ; it varies 
in time in phase with the oscillating astronomical gravity perturbations.  Although it appears 
necessary to solve the full system of equations for both fluid and solid phases to obtain this 
result, Bredehoeft15 noted that a substantial simplification may be made if the equations are 
linearized in terms of the order of the pressure variation, ( )p∆O .  In systems of interest, this 
approximation is valid, since the pressure variation due to earth tidal forces is several orders of 
magnitude smaller than the average pressure.  This allows the fractional change in volume due to 
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the earth tide dilatation and the change due to the resulting pressure variation to be considered 
separately, and then simply added.  Any error will be of the order ( )2O p∆ .  The total dilatation is 
written as the sum of the tidal dilatation and the pore volume change due to the pressure 
variation.  
 

pressureearthtotal ∆+∆=∆       (10) 
 
One way of looking at this simplification is to note that the first term on the right side 
corresponds to the fractional change in volume due to the deformation of the earth.  This 
deformation causes the fluid pressure in the pores to change.  Since porosity is an increasing 
function of pore pressure in a deformable media, a deformation will occur in response to the 
earth tidal dilatation, but in the opposite direction.  This dilatation, denoted by ∆pressure, is also 
proportional to p∆ .  Of course, the increase in pore pressure also changes the strain field within 

the reservoir, resulting in a correction to ∆earth, but this correction is ( )2O p∆ , and is, therefore, 
neglected in the current analysis of the problem.  Each of the terms in Eq. 10 may be evaluated in 
turn to arrive at an expression for the static pressure far from the well.  Takeuchi obtained a 
numerical solution8 of the linear elastic equations in conjunction with a constitutive model of the 
earth.  The result is an expression for the earth’s volumetric dilatation as a function of the 
astronomical gravity potential, 
 

    
ag

V
earth 49.0

2∆=∆       (11)   

 
where ∆V2 is the contribution of the second spherical harmonic of the gravitational potential 
expanded about the earth’s center and a is the radius of the earth.  The factor of 0.49 arises from 
the particular elastic parameters (shear and bulk moduli) assigned to the earth’s interior, as well 
as their radial variation. 
 The term in the left side of Eq. 10 is the total dilatation; it may be expressed as 
 

    
V
V

total

∆=∆        (12)  

 
where V is the total reservoir volume and ∆V is its change under the influence of the gravitational 
potential.  If the dilatation of the solid matrix is negligible in comparison to the fluid filling the 
pores, ∆V = ∆Vf, the change in fluid volume.  Here V and Vf are the total and fluid volume in the 
reservoir, respectively.  Moreover, the porosity VV f /=φ may be introduced, giving 

 

    φ
f

f
total V

V∆
=∆       (13) 

 
The change in fluid volume is directly related to the change in density by 
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ρ
ρ∆−=

∆

f

f

V

V
       (14) 

 
where ∆ρ is the variation in density due to ∆V2.  Using pp ∆∂∂=∆ )( ρρ  and Eq. 13 and 14, 
 

p
ptotal ∆

∂
∂−=∆ ρ

ρ
φ 1

     (15) 

 
 From the definition of the fluid compressibility, )/)(/1( pc ∂∂≡ ρρ , Eq. 15 becomes 
 

pctotal ∆−=∆ φ       (16) 
 
The last term, ∆pressure, in Eq. 10 is the response of the pore volume to changes in pressure.  Even 
when the matrix is considered to be incompressible in comparison to the pore fluid, the pore 
space itself is deformable, so the pore volume changes in response to the pressure.  This quantity 
is related to the pore compressibility )/)(/1( pc p ∂∂≡ φφ  by 
 

pcp
p ppressure ∆=∆

∂
∂=∆=∆ φφφ    (17) 

 
Substituting Eqs. 11, 16, and 17 into Eq. 10 yields 
 
 

fagc
V

p
φ49.0

2∆−=∆      (18) 

 
where  pf ccc +≡  is the formation compressibility.  The static pressure far from the well ps, ps = 

p0 + ∆p is not exactly a solution to Eq. 5b, not even to O(∆p).  The reason is that Eq. 5b is only 
approximate when the porous media is undergoing compaction by means of a deformation of the 
pore space.  This can be seen by substituting ps into Eq. 5b.  The left side is identically zero, 
since ps is only a function of time.  The right side is the derivative of the fluid mass per unit 
volume.  The fluid mass per unit volume, however, is not constant, even though there is no net 
flow.  The reason is that there is a bulk motion of the fluid saturated porous medium into a given 
volume upon compaction.  It is clear that ρφ will increase when the reservoir is compacted and 
vice versa.  The deviation is only O(φ), and since φ is small in many cases, this can be ignored as 
a first approximation. 

Although the static pressure is an approximate solution of Eq. 5b, it does not satisfy the 
boundary condition in Eq. 6.  To satisfy this condition, a new candidate solution, the total 
pressure, denoted by pt is defined. 

 
pt(r,t) = ps(t) + p(r,t)     (19a) 
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Here, p(r,t) is a spatially varying perturbation pressure due to flow in the wellbore.  Note that p 
satisfies Eqs. 5b and 7.  Eq.6 should be modified according to the above definition. 

 
pwell =  ps(t) + p(R1,t)     (19b) 

 
It is useful to first write the system of equations in dimensionless form so that the key 

parameters of influence may be identified.  This is done by replacing each of the dimensional 
variables with its dimensionless counterpart.  Characteristic values used  for this normalization 
are: 

≡0φ  average porosity 

≡0p  average or baseline reservoir pressure  

≡1R  wellbore radius 
≡T  fundamental excitation period ( ωπ /2= ) where ω is the angular frequency. In this 
work, T=12 hours/ cycle   
≡0ρ  average or baseline density  

The baseline pressure, which may be slightly different than the reservoir pressure is the pressure 
when the astronomical potential is at its baseline (or starting) value.  The variables p, r, t, ρ, and 
φ  may be replaced by their dimensionless forms, which will be denoted by the same variables 
with an overbar.  For the purposes of solving Eq. 5b, its right side must be expressed in terms of 
the total pressure.  Under general conditions, this task is complicated by the fact that, when ρ  
depends on tp (which is the case of interest), the full equations of motion, Eqs. 9, are nonlinear.  
For the special situation of earth-tide induced reservoir pressure, however, the variations in 
pressure are so small compared to the average that several approximations may be made.  This is 
realized by means of a perturbation expression.  The density may be expanded as follows (in 
dimensionless form), 
 

( ) ( )211 tt
t

pOp
p

∆+−
∂
∂+= ρρ     (20) 

 
From Eqs. 19a and 20, 
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where the squared terms have been omitted for brevity.  Similarly, the porosity is given by, 
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The right of Eq. 5b can be written as 

 
( )

ttt ∂
∂+

∂
∂=

∂
∂ ρφφρφρ

    (23) 



 

115 

 
Combining Eqs. 21-23, one obtains 
 

( )
t
p

pt
p

pt
p

pt
p

pt
s

t

s

tt

s

t ∂
∂

∂
∂+

∂
∂

∂
∂+

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂ φρφρφφρφφρ

  (24) 

 
From pore compressibility )/)(/1( top ppc ∂∂= φφ  and fluid compressibility )/)(/1( tpc ∂∂= ρρ , 
Eq. 24 is transformed into 
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For the reason to be state next, 
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The above expression applies only to the perturbation pressure, and not the static pressure, since 
the latter does not vary according to the derivatives that define the fluid and pore 
compressibilities.  For example, cp is positive when increasing pressure causes increasing 
porosity, but the compaction process that causes static pressure variation is in the opposite 
direction, i.e. increasing pressure follows decreasing porosity.   

Eq. 5b in dimensionless form for the perturbation pressure ),( trp  when combined with Eq. 
2b, may be written as, 
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where 
 
    ( ))/(2 2

10
2 TkcR fµπφξ =     (28a) 

 
2ξ  is the Fourier number, which is a ratio between capacity and amount of fluid transferred in a 

period.  This number is traditionally associated with transient heat transfer systems for which it is 
the ratio between the heat capacity of a material and the heat transferred by conduction within 
one characteristic time period.  For the fluid flow problem, the Fourier number plays the same 
role, but this time for mass, rather than heat transfer.  This can be seen by rewriting the 
expression for the dimensionless parameter as follows. 
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The numerator is recognized to be the increase in the amount of mass in a circular region due to 
an increase in pressure, and the denominator is the amount transferred by flow for one period, T. 

It is natural, since the system of equations is linear, and the driving force (imposed by sp ) is 
near-periodic, to seek a solution based on a single pure spectral component.  Harmonics of this 
single frequency component will not be generated since the equation is linear.  Only p  or its 
derivatives appear (differentiation does not change the frequency of the signal), and there are no 
product terms.  Although this principle is true in general, it will become evident in this special 
case.  Once the solution is obtained at a single frequency, it can be generalized to any forcing 
function by means of a Fourier decomposition of the forcing function and an application of the 
principle of superposition.  The trial form for the perturbation pressure is  
 

tierPtrp π2)(),( = .     (29) 
 
with the understanding that the real or imaginary part will be extracted to obtain the physical 
solution.  The approach has been used in the well test analysis in terms of ),( trp  with cyclic 
boundary conditions16.  The boundary conditions in Eqs. 6 and 7 become 
 

( ) )()(,1 tptptp swell −=     (30) 
 

0),( =∞ tp       (31) 
 
Substituting Eq. 29 into Eq. 27 yields, 
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The solutions of Eq. 33 are Kelvin functions17, which are analytic continuations of Bessel 
functions into the complex plane. 
 
         ( ) ( )[ ] ( ) ( )[ ]rirBrirArP ξξξξ beiberkeiker)( +++=   (33) 
 
Here, A and B are constants of integration that are determined by applying the boundary 
conditions, Eqs. 30 and 31.  Applying the boundary condition given by Eq. 31 provides B = 0. 
The full expression for the perturbation pressure is, therefore, 
 
           tierirAtrp πξξ 2])(kei)([ker),( +=     (34) 
 
The real or imaginary part of Eq. 34 would be extracted to form the final physical solution.   
 The remaining boundary condition, Eq. 30, is used to determine A and ,therefore, specify the 
full solution.  This condition is applied by considering mass balance within the wellbore.  The 
mass flux into the wellbore from the reservoir must equal the accumulation within the wellbore.  
In dimensional form, 
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where h is the perforation thickness, and H is the height of the fluid column in the wellbore.  The 
– sign arises from the convention that the flow rate is positive when it is in the direction of the 
unit radial vector.  The radial flux, qr, may be obtained from the pressure via Darcy’s Law: 
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Using )/()/)(/(/ tpctppr ttt ∂∂=∂∂∂∂=∂∂ ρρρ , Eq. 35 becomes 
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Rendering the above equation dimensionless gives, 
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Since )/()/( rprpt ∂∂=∂∂ , Eq. 38 can be written as 
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Note that another dimensionless parameter 
 

hc
cH

f02φ
α ≡       (40) 

 
has appeared.  This parameter represents the storativity of the wellbore as compared to the rest of 
the reservoir.  In other words, a given volume of the wellbore will increase its mass if the 
pressure increases.  Likewise, a volume of the porous media will increase in fluid content with an 
increase in pressure.  The parameter α is the ratio of these two amounts for a fixed pressure 
increment. 

Let us write the following expression for the static pressure, 
 
    tpptp sos π2sin)( 0 +=     (41) 
 
The above equation in dimensionless form is 
 
    tptp sos π2sin1)( +=      (42) 
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Alternatively, Eq. 42 can be written as 
 
    ]Im[1)( 2 ti

sos eptp π+=     (43) 
 
where the symbol Im denotes the imaginary part of )2exp( tiπ .  In this work, the imaginary part of 
the exponential term will be extracted to obtain the physical solution.  Note that once the solution 
is obtained at a single frequencyω , it can be generalized to any forcing function by means of a 
Fourier decomposition of the forcing function and the application of the principle of 
superposition, as was stated earlier.  From Eqs. 30, 34, and 43 
  
   ti

sowell eiAptp πξξ 2)]kei(kerIm[1)( +++=    (44) 
 
Combining Eqs. 34, 39, and 44, one obtains 
 

  ti
so

ti eiApieiA ππ ξξξαξξ 22 )]kei(ker[]iker[ke ++=′+′   (45) 
 
The pressure at the wellbore can be written as 
  
   )2sin(1)( δπ ++= tpbtp sowell ,    (46) 
 
where b is the amplitude factor and δ  is the dimensionless time lag.  Note that Eq. 46 has the 
same form as Eq. 42 with the exception of amplitude factor and phase lag.  The main goal of this 
work is to derive expressions for b and δ .  In the following, these two expressions are provided 
(details are given in Appendix A). 
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where rA  and iA  are the real and imaginary part of A given by  
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 In addition to Eqs. 47 and 48, we also use the expression for the static pressure in the following 
form, 
 

 α
cHagp

hV
pso

0

2

49.0

∆
−=    (51)  

 
 The above equation is obtained from Eqs. 18 and 40, 0ppp s −=∆ , and the value of 2V∆  at 

peak of 2V  which corresponds to 12sin =tπ .  Note that in Eq. 51 sop  is only related to α  

because the coefficient terms including fluid compressibility are known.  The unknowns are fc , 

mobility )/( µλλ k= , and sop .  There are also three equations to solve for these three 
unknowns.   
 One may provide ξ , α , and 2V∆ .  Then sop  is estimated from Eq. 51 followed by the 

solution of Eqs. 47 and 48 for δ  and b.  As a result, the well pressure wellp  is determined.  For 
the evaluation of pressure test data, the inverse problem is of interest.  In other words, given 

2V∆ , the phase lag δ  and the observed amplitude sopb , it is desired to estimate the mobility 

( µ/k ), the total compressibility, and the amplitude of sp .  The solution of nonlinear Eqs. 47, 
48, and B-6 (Appendix B) provides  these parameters.  The parameters rA  and iA  for the inverse 
problem should be obtained from Eqs. B-2 and B-5 in Appendix B. 
 
Radius of Investigation 

It is of interest to estimate the influence of the permeability on fluid flux as a function of 
distance from the wellbore.  Regions further from the wellbore are expected to exert less 
influence in determining the perturbation observed to the static pressure 

One may estimate the radius of influence by computing the maximum flow rate over time at 
different distances from the wellbore. The maximum flow rate is obtained by taking the 
derivative with respect to time and setting it to zero.  Note that this also provides the minimum, 
but since only the absolute magnitude of this quantity is important, this is the same as the 
maximum if sinusoidal excitations are considered.  The expression for the magnitude of the flux 
is 
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From Eqs. 34 and 52, 
 

( ) ( )( )[ trArA
k

q rir πξξ
µ

2sinikerke ′+′−





=           

         ( ) ( )( ) ξπξξ ]2cosikerke trArA ir ′+′+     (53) 
 



 

120 

Note that only the radially dependent perturbation pressure appears, since the static pressure is 
only a function of time.  Computing the derivative of Eq. 53 with respect to time t and setting it 
equal to zero gives 
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Eq. 54 may be evaluated by using the value of A obtained as a function of α and ξ.  The value of 
t  at which the maximum flow occurs may then be substituted into Eq. 53, giving the maximum 
flow rate over time as a function of r . 
 
Results 

Fig. 4 shows the phase lag and amplitude factor as a function of ξ for α = 200;  the phase lag is 
not appreciable below 01.0=ξ .  The amplitude factor is also close to one for 01.0<ξ .  At 

1.0=ξ , there is a appreciable increase of phase lag from the value at 01.0=ξ .  The amplitude 
factor decreases drastically for 1.0=ξ  and for 1.0>ξ .  Approximate values for ξ  and α  for 
the two field examples (Figures 1 and 2) are of the order of 10-3 and 100, respectively.  With 
these parameters, a large phase cannot be expected (exact basic data for the calculation of ξ  and 
α  are not available for the two reservoirs).  Because the data in Fig. 1 show a phase lag of 12 
hours, one should investigate other factors including surface temperature fluctuations.   

Figure 5 shows the phase lag and amplitude factor for 5000=α .  A trend similar to that in Fig. 
4 is observed. 

Fig. 6 shows the maximum flow rate vs. dimensionless distance r  from the wellbore.  The 
maximum flow rate is made dimensionless by dividing it by the maximum flow rate at 1=r .  
Note that the radius of investigation is small – of the order of several wellbore radius.   
 
Concluding Remarks 
 We have formulated and solved for the flow in a reservoir around the wellbore due to the 
gravitational potential variation.  The formulation may allow the estimation of permeability by 
varying the production interval in a well.   
 In order to examine the proposed model, there is need to have data with perforation interval 
known.  These data are not currently available to us.  We are planning to seek such data from the 
industry. 
 There is the possibility that surface temperature variation affects the pressure variation due to 
extreme sensitivity of thermal expansion on temperature.  Because of the phase lag between the 
gravitational potential variation and the surface temperature variations, it is likely that the phase 
lag in the wellbore pressure is affected by surfaced temperature variation.  We are currently 
studying this effect. 
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Appendix A – Derivation of Paramters Ar and Ai in Direct Solution 
 Eqs. 47 and 48 are used to calculate the phase lag δ , and the amplitude factor b.  For that 
purpose, A can be separated into its real and imaginary parts, rA  and iA , respectively; that is, 

ir iAAA += .  We take the imaginary part from Eq. 45 after substituting the expression for 

tite ti πππ sin2cos2 += .  Then equate the coefficients of the cosine and sine terms to obtain 
 
        ξξξξξα rkeike]keiker[ ′+′=−+ irirso AAAAp  (A-1) 
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        ξξξξξα ikerke]kerkei[ ′+′−=+ irir AAAA   (A-2) 
 
, respectively. 
 The solution to the above two equations provides rA  and iA  given by Eqs. 49 and 50 in 
the text.  
 From Eqs. 44 and 46 of the text, Eqs. 47 and 48 are derived. 
 

Appendix B – Derivation of Parameters Ar and Ai in the Reverse Solution 

 We will first derive the expression for α.  From Eq. A-2 , 
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From Eqs. 44 and 46, 
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Substituting Eqs. B-2 and B-3 into Eq. B-1, one obtains 
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From Eqs. 51 and B-4, 
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Figure 1.  Observations of the wellbore pressure in the Italian field.  The phase lag 
appears to be nearly 12 hours.  
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Figure 2.  Observations of the wellbore pressure in the Colombian field.  Note the 
evidence of high mobility in the near absence of phase lag between the potential excitation 

and the wellbore pressure response.  
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Figure 4.  Phase lag and amplitude factor b vs. the Fourier number ξξ for αα = 200. 

Figure 3.  Problem domain: radial axisymmetric system centered about the 
wellbore with radius R1.  The region outside the wellbore is filled with a 

dilatating porous medium with porosity φφ and permeability k.  
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Figure 6. The ratio of the maximum flow rate to the maximum of the 

flow rate at r = 1 vs. r for different values of ξξ: αα = 200. 

 

Figure 5. Phase lag δδ and amplitude factor b vs. the Fourier number ξξ for αα = 5000 



Chapter III - Diffusion in Porous Media from Irreversib le

Thermod ynamics

Part I- TWO-PHASE MULTICOMPONENT DIFFUSION AND CONVECTION
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Chapter III - Diffusion in Porous Media from Irreversib le

Thermod ynamics

Part II- Interpretation of the Unusual Fluid Distrib ution in the Yufutsu

Gas-Condensate Field
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